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Abstract. This is a survey of a series of papers |FOOQ3l IFOOQ4I IFOOQ5I . 
We discuss the calculation of the Floer cohomology of Lagrangian submanifold 
which is a T n orbit in a compact toric manifold. Applications to symplectic 
topology and to mirror symmetry are also discussed. 
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1. Introduction 

This is a survey of a series of papers |FOOQ3| IFOOQ4| IFOOQ5] we have writ- 
ten about Lagrangian Floer theory of toric manifolds and their mirror symmetry. 
Our main purpose is to perform systematic computation of the Lagrangian Floer 
cohomology of the T n orbit in toric manifolds together with various operations 
introduced in [FO OOl] Sect ion 3.8 and apply them to mirror symmetry between 
toric A model and Landau-Ginzburg B model and to symplectic topology of toric 
manifolds. 

Let X be a compact toric manifold with complex dimension n and L(u) a 
T™ orbit. (Here u is an element of the interior of the moment polytope which 
parametrizes the T n orbit. See Section [U Formula (|12[) .) We show that the num- 
ber (counted with multiplicity) of the pair (L(u),6) (where b is an element of 
ff^Z^u); A ) /H\L{u); for which Floer cohomology HF((L(u), b), (L(u), 6); A) 

is nonzero is equal to the Betti number of X. (Theorem lll.6l ) 

Such a pair (L(u), b) corresponds one to one to a critical point of certain function 
the potential function, where u (the position of L(u)) is the valuation of the 
coordinate of the critical points. Given X the valuation of the critical points of 
can be calculated by solving explicitly calculable algebraic equations finitely 
many times. (We illustrate these examples in sections l6l and fTOl We use the result 
of Cho-Oh [CO] for this calculation.) 

This identification is induced by an isomorphism between quantum cohomology 
QH(X; Ao) of X and the Jacobian ring Jac(^3£)) of the potential function tyD, 
which goes back to Givental |Gil[ IGi2] and Batyrev [Bit IB2] in the case when X 
is Fano. We remark that the rank of QH(X; Ao) is the Betti number of X and the 
rank of Jac(^JjO) is the number of critical points of *}3D counted with multiplicity. 

The isomorphism QH(X\ Ao) = Jac(^3£)) is a ring isomorphism. In the case 
QH(X; A) is semi-simple, the ring QH(X; A) splits to the product of the copies of 
the field A and each of the factors corresponds to a critical point of *pD. (Propo- 
sition QUI) 

Thus we associate a non-displaceable Lagrangian submanifold L(u) to each of 
the direct factor of QH(X; A). Entov-Polterovich [U lEPl] lEP2l IeF3] and others 
[Osl lUs] associated a Calabi quasi-homomorphism to each of the direct factors of 
QH(X; A) and also a non-displaceable Lagrangian submanifold L(u) to such Calabi 
quasi-homomorphism. The non-displaceable Lagrangian submanifold associated by 
the theory of Entov-Polterovich coincides with one associated by Lagrangian Floer 
theory, as we prove in [FOOQ7] . (Our construction and proof are very different 
from Entov-Polterovich's however.) 

The ring isomorphism QH(X; Ao) = Jac(*$£)) is generalized to the case when we 
consider big quantum cohomology in the left hand side and the potential function 
in Lagrangian Floer theory with bulk deformation in the right hand side. Moreover 
it intertwines the pairings which is the Poincare duality pairing in the left hand 
side and is (a version of) residue pairing in the right hand side. This implies the 
coincidence of two Frobenius manifold structures. One is the Frobenius manifold 
structure induced by big quantum cohomology which is due to Dubrovin [Dub] . 
and the other is one associated to the isolated singularity by Saito [Sal|MSa . This 
isomorphism is regarded as a version of mirror symmetry between Toric A model 
and Landau-Ginzburg B model. It is closely related to the story of Hori-Vafa |HVj 
and also of Givental. 
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The mirror symmetry between toric manifold and singularity theory have been 
studied by many mathematicians. Besides those already mentioned above, here is 
a list of some of them (this list is not exhaustive). 

In this paper we focus on the case in which we study the A model (symplectic 
geometry and pseudo-holomorphic curve) on toric manifold and the B model (de- 
formation theory and complex geometry) on singularity theory side. The papers 
(AuTlllAuTllBaicraiCOllGro^ also deal 

with that case. 

There have been more works in the other side of the story namely B model in 
toric side and A model in singularity theory side. [Abll IAKQ1 IFLTZ1 I5e2l ITJel lUY] 
are some of the papers on this side. 

Acknowledgements: KF is supported partially by JSPS Grant-in- Aid for Sci- 
entific Research No. 18104001 and Global COE Program G08, YO by US NSF 
grant # 0904197, HO by JSPS Grant-in- Aid for Scientific Research No. 19340017, 
KO by JSPS Grant-in- Aid for Scientific Research No. 21244002. 

2. Preliminary 

2.1. Notations and terminologies. The universal Novikov ring Ao is the set of 
all formal sums 

oo 

5>T* (1) 

i=0 

where € C and Ai £ R>o such that lim;_i. 00 Ai = oo, and T is a formal parameter. 
We allow Ai £ R in ([T]) (namely negative Ai) to define A which we call universal 
Novikov field. It is a field of fraction of Ao. We require Ai > in ([I) to define A+, 
which is the maximal ideal of Ao . 
We define a valuation Ot on A by 

(Here we assume Ai ^ Xj for i 7^ j.) A, Ao, A+ are complete with respect to Vt and 
(Ao, A+) is a valuational ring with valuation t>T- 

Remark 2.1. In [FOOOl a slightly different Novikov ring Ao^nov which contains 
another formal parameter e is used. The role of e is to adjust all the operators 
appearing in the story so that they have well-defined degree, (e has degree 2.) 
In [FOOQ31 IFOOQ41 IFOQ05j and this paper we use A since ring theoretical 
properties of Ao is better than one of Ao ; nov As a drawback only the parities of 
various operators are well-defined. 

Let Z±, . . . , Z m be variables. We define the strongly convergent power series ring 

K {{Z u ...,Z m )) 

as the set of all formal sums 

00 00 

• • • c kl ...k m z^ ■ ■ ■ z^ 

fe 1= k m =0 

where Ck 1 ...k m £ Ao such that 

lira o T (C fcl ... fem ) = +00. 

felH h^m —>-00 
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We define strongly convergent Laurent power series ring 

A ((Zi, Z x , . . , , Z m , Z^)) 
as the set of all formal sums 

••• c kl ... km z x i ■ ■ ■ z^ 

feiez k m ez 
where C kl ...k m G Ao such that 

lim t) T (C fel .. t ) = +00. 

|klH h|fe m |->oo 

See [BGR about those rings. 
We also define 

A^Zf 1 , ...,Z m , Z m 1 )) = A (^i, Zf 1 , ...,Z m , Z m x )) ® Ao A. 

The definition of A((Zi, . . . , Z m }) is similar. 

Let C be a graded free Ao module. The valuation Ot induces a norm on C 
in an obvious way, by which C is complete. We define its degree shift C[l] by 
C[l] h = C h+1 . The shifted degree deg' is defined by 

deg' x — deg x — 1 . 

We put 

B k C = C®- - -®C r (3) 

times 

^ 00 

Let BC = © fc=0 -6fcC be the completed direct sum of them. Let & k be the sym- 
metric group of order fc!. It acts on B k C by 

a ■ (xi ® • • • ® Xfc) = (-l)*a; (T (i) <8> • • • ® x CT(fc) (4) 

where * = 53i<j-<T(j)>o-(j) degXi degXj. We define E k C as the subset of & k invariant 

elements of B k C and put EC = 0fe =o £*C its completed direct sum. 
On BC we define a coalgebra structure A : BC — > (BC)® 2 by 

k 

A(xi ® • • • ® Xfe) = • • • ® Xj) ® (8) • • • (8) aifc). (5) 

i=0 

(Note the summand in the case i = is 1 <g> (xi ® • • • ® Xfc).) A is coassociative. 

We can define A : EC — > (EC)® 2 by restriction. It is coassociative and graded 
cocommutative. 

We also consider a map A fe_1 : BC — > (BC)® k 

£k-i _ (A idg - ■ - g id) o ( A ® id g ■ ■ ■ g irf ) o ••• o A. 

fe-2 fc-3 

For an indecomposable element x g BC, it can be expressed as 

A fc - X (x) = 5Zx* ;1 (g)---(g)x* ifc (6) 

C 

where c runs over some index set. We use the same notation for EC. 
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2.2. Moduli spaces of pseudo-holomorphic disks. Lagrangian Floer theory is 
based on the moduli space of pseudo-holomorphic disks. We recall its definition 
below. See jFOOOl] subsection 2.1.2 for detail. 

Let X = (X, u>) be a symplectic manifold and L its Lagrangian submanifold. We 
pick a compatible almost complex structure J on X. Let f3 g H2(X, 

The moduli space M.™? 1 ^ (j3) is the compactified moduli space of the genus zero 
bordered holomorphic maps u : (£,<9£) — » (X,L), in class j3 € H%{X, L(u); Z) 
with k + 1 boundary marked points and £ interior marked points. This means the 
following: 

Conditions 2.2. (1) £ is a connected union of disks and spheres, which we 
call (irreducible) components. We assume the intersection of two different 
irreducible components is either one point or empty. The intersection of 
two disk components is if nonempty, a boundary point of both of the com- 
ponents. The intersection of a disk and a sphere component is an interior 
point of the disk component. We assume that intersection of three different 
components is empty. We also require £ to be simply connected. A point 
which belongs to two different components is called a singular point. 

(2) u : T, — > X is a continuous map which is J-holomorphic on each of the 
components. it(<9E) C L. Here <9£ is the union of the boundary of disk 
components. 

(3) There are k + 1 points Zo, . . . , Zk on <9£. (We call them boundary marked 
points.) They are mutually distinct. None of them are singular point. We 
require the order of k + 1 boundary marked points to respect the counter- 
clockwise cyclic order of the boundary of S. 

(4) There are £ points z± , . . . , zf on S \ dT,. (We call them interior marked 
points.) They are mutually distinct. None of them are singular point. 

(5) For each of the components E a of E, one of the following conditions hold : 

(a) u is not a constant map on E„. 



(b) Ti a is a disk component. We have 2n- ln t + Jibdry > 3. Here n- lnt is 
the sum of the numbers of the interior marked points and the interior 
singular points, ribdry is the sum of the numbers of the boundary 
marked points and the boundary singular points. 

(c) E a is a sphere component. The sum of the numbers of the marked 
points and the singular points on T, a is > 3. 



The condition 5) is called the stability condition. It is equivalent to the condition 
that the automorphism group of this element is a finite group. 
In case £ = wc write M^i/3) in place of Mf^ (/3). 
We define the evaluation maps 



cv : MEfttiP) -> X 1 x L 



(7) 
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Our moduli spaces A^^f^(/3) have Kuranishi structure in the sense of |FO] 
section 5 and |FOOQlj section Al. 

Its boundary is described by using fiber product. For example, in case t — we 
have the equality 

k 2 

dMf^(P)= (J U U M £ti(/3i)ev x eVi MffiWh). (8) 

fei+fc 2 =fc+l Pi+/h=P i=l 

as spaces with Kuranishi structures. f |FOOQl| subsection 7.1.1.) 

3. A QUICK REVIEW OF LAGRANGIAN FLOER THEORY 

Let X = (X, ui) be a symplectic manifold and L its Lagrangian submanifold. We 
assume L is oriented and spin. (Actually relative spinness in the sense of |FOOOl] 
Definition 1.6 is enough.) 

In |FOOOl] Theorem A, we defined a structure of gapped unital filtered Aoo 
algebra {ttlfc | k — 0,1,...} on the cohomology group H(L; Aq) of L with Ao 
coefficient. 

Namely there exists a sequence of operators 

m k : B k H(L;A )[l] ^ H(L;A )[1] 
of odd degre^3 (for k > 0). 
Theorem 3.1. (1) 

k 2 

^2 ^2(-l)*m k2 (xi, . . . ,m kl (xi, . . . ,x i+kl -i), ■ ■ ■ ,x k ) = 0, (9) 

kl + k 2 =k+l i=l 

where * = deg' x± + • • • + deg' Xi-i . 

(2) mo(l) = mod A+. 

(3) (Unitality) e = PD[L] G H°(L;A ) is the strict unit. (Here PD : H k {L) -> 
H n ~ k (L) is the Poincare duality.) Namely 

m k+ i(xi, ■■■ ,e, ■ ■■ ,x k ) = for k > 2 or k = 0. 

and 

m 2 (e,x) = (-l) dcsx m 2 (x,e) = x. 

(4) (G-gappedness) There exists an additive discrete submonoid G = {A; | i = 
0,1,2,...} (Ao = < Ai < A2 < • • • , linij_j. 00 A^ = 00) of M>o such that 
our structure is G-gapped. Namely m k is written as 

00 

m fc = ^2T Xi m kti 

i=0 

where m k ,i : B k H(L;C)[l] -> H(L;C)[1] is C-linear. 

(5) rri2,o coincides with cup product up to sign. 

The triple (C, {rrife},e) that satisfies l)-4) of Theorem 13. II (with H(L;Aq) being 
replaced by C) is called a G-gapped unital filtered algebra. 

The operator rrifc is constructed by using the moduli spaces M^+iiP) as follows. 
(Here we use de Rham cohomology, following |F00031lFOOQ41lFOO^lFll2l[FTl3] . 
In [FOOOlj singular homology is used. Morse homology version is in |FOOQ2j .) 

^See Remark l2.ll Only the parity of the degree is well-defined in Floer cohomology over Aq. 
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Let hi, . . . , hk be differential forms on L. We define a differential form mk,p{hi, . . . , 
on L as follows: 

mfc^Oi, ...,hk) = evoi(evi, . . .,ev fe )*(/n x ■ ■ ■ x h k ) (10) 

for (fc, /3) 7^ (1,0). We use evaluation maps (0 in ([10]> , We put 

mi, (/i) - (-l) n+dog ' l+1 d/i, 

where d is the de Rham differential. (See |FOOOl] Remark 3.5.8.) 

Here we regard hi x ■ ■ ■ x hk as a differential form on L k . Then the pull back 
(evi, . . . ,evfc)* defines a differential form on The symbol evoi denotes 

the integration along the fiber associated to the map ev : ■M^+iiP) L. We 
remark that ■MjJ+j"^) itself is not necessarily transversal. So it may have wrong di- 
mension. However we can use general theory of Kuranishi structure to obtain a mul- 
tisection s f |FO] section 5, [FOOOlj section Al) so that the perturbed moduli space 
■^■k+ii^Y (that is the zero point set of the multisection s) has a virtual fundamen- 
tal chain (over Q). However still after perturbation, the map ev : M^y{P)" — > L 
may not be a submersion on the perturbed moduli space M'k+TiPY . So we take a 
continuous family of perturbations written as {s w } we w parametrized by a certain 
smooth manifold W so that 

: IJ (^EhW" x M) L 

is a submersion^ So we can justify (|10p as 

m k ,p(hi,...,hk) =evST((evi,...,evfc)*(/n x ••• x h k )Auj w ). 

Here low is a smooth form of degree dim W on W that has compact support and 
satisfies J ff % = 1. We pull it back to LLew (M"™™ ((3) Sw x {w}) in an obvious 
way. The fiberwise evaluation map is evo on M^+liPY™ x {w}. 

We omit the detail of this construction and refer [FOOQ4] section 12 or [Fu2 
section 13. In the toric case, which is the case of our main interest in this article, this 
construction can be simplified in most of the cases. Namely evo : M^+iiPY ~~ * ^ 
itself can be taken to be a submersion (without using continuous family). See 
Section [5j 

We now put 

™ T'(/3nM)/27r_, 

trife = m fc,/3- 

/3EH 3 (X,L;Z) 

We can use various properties of the moduli space to check Theorem l3.ll In fact, 
for example, Theorem 13. II 1) is a consequece of Formula ([5} and Theorem 13. II 4) is 
a consequence of Gromov compactness. 

Thus we obtain a structure of G-gapped unital filtered algebra on de Rham 
complex of L. Then it induces one on cohomology H(X, L] Aq), by a purely algebraic 
result. f |FOOQl| Theorem 5.4.2.) 

The filtered Arx, algebra (H(X, L; A ), {m^ | k = 0, 1, . . . }) is independent of the 
choices (such as compatible almost complex structures and perturbations etc.) up 
to an isomorphism of a gapped unital filtered Aoo algebra, (that is gapped unital 
filtered homomorphism which has an inverse). We omit the precise definition 
of this notion and refer readers to [FOOOlj Definition 3.2.29 and Proposition 5.4.5. 



2 Actually the parameter space W is defined only locally. See |FOOQ4l section 12. 
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Let (C, {rrife | k = 0, 1, . . . }, e) be a unital filtered Aoo algebra. We define its 
weak Maurer-Cartan scheme -M wea k(C) as the set of solutions of the equation 

oo 

X Mk(b, ■ ■ • , b) = mod A e, (11) 

k=0 

for b £ C odd , with 6 = mod A + . (Here and hereafter e denotes the unit.) 
For b e C odd , with b = mod A + , we define m£ by 

oo oo 

m b k (xi,...,x k ) = XI "' XI m k(b,...,b,X!,b,...,b,...,x k ,b,...,b). 

mn-0 mi.—0 v v v 

u mo mi mfc 

The right hand side converges in D T topology. We can show that (C, {m^, | k = 
0, 1, . . . }, e) is a filtered algebra. 

In our geometric situation, where C = H(L;A ), we can remove the assump- 
tion b = mod A + using a trick due to Cho |Cho3] and can define m^. for any 
b G H odd {L; A ). (See }FOOQ3] section 12 for toric case and |Fu3] section 5 
for the general case.) Moreover the left hand side of (fTT|) makes sense for any 
b £ H odd (L;A ). In case we need to distinguish it from the case b £ H odd (L;K + ), 
we denote the former by M wea k(H(L; A ); A ). 

It is easy to see that ttiq(1) coincides with the left hand side of (fTTj) . Therefore 
if b £ A / J W eak(C) then m^l) = ce for some c £ A + . It follows that 

(ml o m?)0r) = -c (m*(e, x) + (-l) de s' ^(x, e)) = 0. 

Here we use Properties 13.11 1) in the first equality and Properties 13.11 3) in the 
second equality. Now we define 

Definition 3.2. Let b £ H° dd (L;A ). We define Floer cohomology by: 

Ker(mJ) 



HF{{L,b),(L,b);A ) 



Im(m?) 



HF((L, b), (L, 6); A) is defined by taking ®a A. 

It is proved in |FOOOl] Proposition 3.7.75 and the discussion right after that 
(general case, singular homology version) |FOQ04j section 8 (toric case, de Rham 
homology version) that HF((L, b), (L, b); A) ^ implies that L is Hamiltonian non- 
displaceableU Namely for any Hamiltonian diffcomorphism F : X — > X we have 
F(L) n L 

Let b £ A^wcak(C'). Then there exists ^?D(6) £ A + such that 

oo 

X>fc(&,...,&)= W)e- 

fc=0 

Definition 3.3. We call CpD : -M wca k(C) — > A + , the potential function. 
In the geometric situation we have : M. wca .k{H(L; Aq); Aq) — > A+. 



We need to take A (not Ao) for the coefScicnt ring for this statement. Actually 
HF((L, b), (L, b); Aq) = never occurs when Floer cohomology is defined. 
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4. A QUICK REVIEW OF TORIC MANIFOLD 

In this section we review a very small portion of the theory of toric variety. We 
explain only the points we use in this article. See for example [Fulj for an account 
of toric variety. 

Let (X,u>,J) be a Kahler manifold, where J is its complex structure and uj is 
its Kahler form. Let n be the complex dimension of X. We assume n dimensional 
real torus T n = acts effectively on X such that J and ui are preserved by 

the action. We call such (X,uj, J) a Kahler toric manifold if the T" action has a 
moment map in the sense we describe below. Hereafter we simply say {X, ui, J) (or 
X) is a toric manifold. 

Let (X, uj, J) be as above. We say a map tt = (tti , . . . , 7T n ) : X — > R™ is a 
moment map if the following holds. We consider the i-th factor Sj of T n . (Here 
i = 1, . . . , n.) Then iti : X — > R is the moment map of the action of Sf. In other 
words, we have the following identity of iti 

dTri{X) = cj(X,i), 

where t is the Killing vector field associated to the action of the circle S} on X. 

Let u £ IntP. Then the inverse image 7r _1 (u) is a Lagrangian submanifold which 
is an orbit of the T" action. We put 

i(u)=^ 1 (u). (12) 

This is a Lagrangian torus. The main purpose of this article is to study Lagrangian 
Floer cohomology for such L(u). 

It is well-known that P = tt(X) is a convex polytope. We can find a finitely 
many affine functions £j : R n — > M (j = 1, . . . , m) such that 

P={ueM"|f J (u)>0, Vj = l,...,m}. (13) 

We put djP = {u e P | ^(u) = 0} and Dj = %~ l (djP). (dim K 9jP = n - 1.) 
D\ U • • • U D m is called the toric divisor. 

Moreover we may choose £j so that the following holds. 

Conditions 4.1. (1) We put 

M i = v 3 = (v jt i, v jtn ) G R". 

Then v jti G Z. 

(2) Let p be a vertex of P. Then the number of faces djP which contain p is 
n. Let dj 1 P, . . . , dj n P be those faces. Then Vj x , . . . , Vj n (which is contained 
in Z" by item 1)) is a basis of Z n . 

The affine function lj has the following geometric interpretation. Let u € IntP. 
There exists m elements /3j € Pt2(X, L(u); 1) such that 

ftn^ = r 3=3 [ t (14) 

(0 3T3- 

Then we have 

2tt^(u) = [ uj. (15) 

The existence of such tj and the property above is proved in |Gu] Theorem 4.5. 
(See |FOOQ3j section 2 also.) 
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Example 4.2. We consider the complex projective space CP™. Using homogeneous 
coordinate [xq : xi : ■ ■ ■ : x n ] we define T n action by 

(*!,..., t n ) ■ [x x n ] = [s : e 2 "^ 1 ' 1 ^ : • • • : e 2wV=T ^x n ]. 

(Here we identify K/Z = S .) The moment map 7r = (711, . . . , 7r„) is given by 

I™ 12 

7ri([x : • • • : x n \) 



Its moment polytope Pq is a simplex that is: 



P = {(ui,...,u n ) \ 0<Ui,i=l,...,n, }Ui< 1}. 



i=0 



We have 



£ i (u 1 ,...,u n ) = I™ 1 (16) 

Example 4.3. We consider CP 2 as above. For 1 > a > 0, let us consider 

P(a) =P \ {(ui,u 2 ) eP \u 2 >l-a} = {(u u u 2 ) G P | u 2 < 1 - a}. 

The inverse image 7t _1 ({(mi, u 2 ) G Pq \ u 2 > 1 — a}) is a ball of radius y/a/2 
centered at [0 : 1 : 0]. The boundary of 7r _1 (P(a)) has an induced contact 
form which is identified with the standard contact form of S 3 . We identify two 
points on dn~ 1 (P(a)) if they lie on the same orbit of Reeb flow. After this 
identification we obtain from 7r _1 (P(a)) a symplectic manifold which we write 

X{a) = CP 2 #CP 2 (a). 

It is well-known (see for example [MS) section 6.2) and can be proved from the 
above description that X (a) is a blow up of CP 2 with Kahler form oj such that the 
symplectic area of the exceptional divisor is a. 

The T 2 action on CP 2 induces a T 2 action on X(a) so that it becomes a toric 
manifold. The moment polytope is P(oe). 

There are 4 faces of P(a) and 4 affine functions £j (i — 0, 1, 2, 3). Three of them 
are £q, l\, l 2 as in (fTB"]) . The fourth one is given by 

£3(1*1,^2) = 1 - a - u 2 . (17) 

Example 4.4. We can blow up again and may regard a two points blow up of CP 2 
as a toric manifold. For a, a' > 0, with a + a' < 1 we consider the polytope 

P(a, a') = {(ui, u 2 ) G Po I u 2 < 1 — a, u\ + u 2 > a 1 }. 

There exists a toric manifold X(a, a') that is a two points blow up of CP 2 and 
whose moment polytope is P{a, a'). 

P(a, a') has 5 faces. There are 5 affine functions £q, . . . , £4 associated to each of 
the faces. £ ,£i,£ 2 are as in (JTSJ) and i 3 is as in (|T7|) . £4 is given by 

£4(111, u 2 ) — ui + u 2 - a 1 . (18) 
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5. FLOER COHOMOLOGY AND POTENTIAL FUNCTION OF THE T n ORBITS 

In this section we give a description of Floer cohomology of the T" orbit L(u) 
of the toric manifold X. Here u <E IntP and P is the moment polytope of X. 

In this toric case the calculation of the Floer cohomology becomes significantly 
simpler. This is because in this case the calculation of Floer cohomology is reduced 
to the calculation of the potential function. Moreover the leading order term of the 
potential function is calculated by the work of Cho-Oh [CO . We will explain those 
points in this section. 

We first fix a basis of 7? 1 (L(u); Z) as follows. In Section|4]we fix a splitting T n = 
(S 11 )™ and the associated coordinate (h, . . . ,t n ) £ (K/Z) n . Let e 4 £ H x {T n \TL) be 
the element represented by dti in de Rham cohomology, where U is the coordinate 
of the i-th factor of (Here we identify S 1 with R/Z.) The elements ej, 

i = 1, . . . , n form a basis of H 1 (T n ; Z) = Z". Since the T n action on L(u) is free 
and transitive, we may identify iJ 1 (T";Z) = iJ 1 (L(u);Z). Hence we have a basis 
ej, i = 1, . . . , n of iJ 1 (i(u); Z). 

Let b £ iJ 1 (L(u); A ). We can write b — Yl7=i x i e i- Hence we take (xi, . . . , x„) 
as a coordinate of i? 1 (L(u); A ). We also put yf = e Xi . 

Remark 5.1. The expression e Xi determines an element of Ao in case Xi £ Ao as 
follows. We write Xi = x^.o + Xi t+ where x^o £ C and Xi !+ £ A+. Then we put 

oo 

yT = e *i = e * i ,°STxl + /k\. 

fc=0 

Note e Xi -° £ C is defined as usual. The sum Y^k=o x i+/^- converges in t>r-topology. 

Now we consider a toric manifold X with its moment polytope P. We consider 
affine functions £j (j = 1, . . . , m). We define Vj^ £ Z as in Properties 14.11 1). We 
define 

z j =T i ^(y?y^...(y%y^. (19) 

Theorem 5.2. (1) _ff 1 (L(u);Ao) is contained in A4 wca k(H (L; Ao); Ao) . 

(2) Let b — ^2 XiXi £ i? 1 (L(u); Ao). Then we have 

N 

*PD(6) = 2i H h z m + J2T p "P k (zi,...,z m ). (20) 

fc=i 

Here N £ Z>o or N = oo. The numbers pk > are positive and real. 
In case N — oo. f/ie sequence of numbers pk goes to oo as fc goes to oo. 
Pk(zi, . . . , z m ) are monomials of Z\, . . . , z m of degree > 2 wit/i Ao coeffi- 
cient. We remark that Zj is defined from yf — e Xj by (jT5| • 

(3) // X is Fano then Pk are all zero. 

(4) The monomials Pk and the numbers pk are independent of u and depends 
only on X . 

Item 1) is }FOOQ3j Proposition 4.3 plus the last line of |FOOQ3] section 4. 

Item 2) is FOQ03j Theorem 4.6 in the form (slightly) improved in [FO OQ4] 
Theorem 3.4. In |FOOQ3l IFOOQ4] this formula is written using yf in place of Zj. 
But it is easy to see that they are the same by the identification (|20[) . We use the 
result of Cho-Oh [CO] to calculate the term z\ + ■ ■ ■ + z m in the right hand side of 
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Item 3) is }FOOQ3j Theorem 4.5. 

Item 4) follows from |FOOQ3j Lemma 11.7. 

Sketch of the proof. The linear terms Zj in (|20[) come from the contribution (that 
is m KP] {b, ■ ■ ■ , b)) of 7Wi nain (/3j) to m k (b, ■ ■ ■ , b), where li 3 <= H 2 {X, L(u);Z) is as 
in (fT4|) . Its coefficient 1 is the degree of the map 

ev : Mr in (Pj) -> L(u), (21) 

which is calculated by |CO) . 

The term T Pk Pk is a contribution of A^" lain (/3) for some j3. We will assume (3 ^ 
in the rest of the argument. 

We can use a T" equivariant multisection to define virtual fundamental chain. 
To see this we first observe that the T n action on A^" lain (/3) is free. This is because 
T™ action on L(u) is free and (l2Tj) is T n equivariant. Therefore to find a transversal 
multisection we can proceed as follows. We first take the quotient with respect to 
T n action, next find transversal multisection on the quotient space and then lift it. 

Let 5 be a T n equivariant multisection which is transversal to 0. Then T n acts 
freely on its zero set M™ ain ((3) s . Therefore the dimension of .M™ ain (/3) s is not 
smaller than n if it is nonempty. We can show 

dim7Wi nail W =n + fi{fi) -2 
where /i : H2(X,L(u);Z) — s- Z is the Maslov index. It implies that > 2 if 

This is the key point of the proof. 

Remark 5.3. In case X is Fano, fi(f3) > 2 automatically holds if M^ ain ((3) ^ 0. 
But in non-Fano case this holds only after taking T n equivariant perturbation. 

Moreover T n equivariance implies that evo : A / ( I 1 nam (/3) — > L(u) is a submersion if 
M™"^) ^ 0. Therefore we may use this T n equivariant s to define m^. Namely 
we do not need to use a continuous family of multisections in this case. 

Now if deg b = 1 then 

degm M (&,...,&) = 2-/x( i 8)<0. 

Namely rrifc p(b, . . . , b) is either or is proportional to the unit. This proves item 
!)• 

To study trifc i( g(6, . . . , b) for f3 7^ /3,, we again use the classification of J holomor- 
phic disks in |CO] to find that if A / l™ am (/3) is nonempty the homology class (3 is 
decomposed to a sum of /3j 's (j = 1, . . . , m) and sphere bubbles. Therefore 

P — Pji H hj8j e +aiH ha/ 

where 6^^ is one of 6j's and Ui € H2(X; Z) is represented by J-holomorphic sphere. 
We put 

cp = deg[ev : A^ lail W ^ L{u)\. 
Here the right hand side is the mapping degree of the map evo . It is well-defined 

since in case /x(/3) = 2 the boundary of A^™ am (/3) s is empty. (This is because 
M WBin(py ig empty ^pij < 0; p ^ o_) 

Then we can show that 

oo 

m M (6, . . . , b) = Cp T^ a > n ^/ 2 "z n . . . z je . 

k=0 
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Item 2) follows from this formula. 

Item 3) follows from the fact that in the Fano case, Mf ain (p) ^ and /i(/3) = 2 
imply f3 = f3j for some j. 

Item 4) follows from the fact that eg is independent of u. □ 

Remark 5.4. In the general situation, the filtered structure associated to 
a Lagrangian submanifold is well-defined only up to isomorphism. In particular 
potential function *pD is well-defined only up to a coordinate change. (Namely it 
may depend on the choice of perturbation etc.) However in our toric case we can 
use a T n equivariant perturbation s and then *pD is well-defined as a function on 
if 1 (L(u); Ao) without ambiguity. This is a consequence of well-definedness of cp 
and is |FOQ03j Lemma 11.7. 

We have the following useful criterion which reduces computation of Floer coho- 
mology to the critical point theory of potential function. 

Theorem 5.5. Let b = ^x^e^ £ iJ 1 (L(u); A ). Then the following three condi- 
tions are equivalent. 

(1) For each of i = 1, . . . , n we have: 



dxi 

(2) 



= 0. 

b 



HF((L(u),b), (L(u), b); A ) = H(T n ; A ). 

(3) 

HF((L(u),b),(L(u),b);A)^0. 
Sketch of the proof. By definition 



oo 



qj£)(6)e=> m k (b,...,b). (22) 



fc=0 



We differentiate (|22j) by Xi. Then using db/dxi = e^ we obtain: 



dx,; 



e= m ki+k 2 +i(b, ...,b,ei,b, ...,b) =ttii(ei). (23) 

b kl =0k 2 =0 

Here the second equality is the definition of . 

Now we assume item 2). Then we have m\(ei) = 0. Therefore (|23|) implies item 

I)- 

We next assume item 1). Then |23|) implies m\(ei) — 0. We use it together with 
the fact that e^ generates H(L(u); Ao) by cup product, and Aoo formula to prove 
that = 0. (See [FOOQ3] proof of Lemma 13.1.) Item 2) follows. 

The equivalence between item 2) and item 3) is proved in F0003 Remark 
13.9. □ 



To apply Theorems 15.21 and 15.51 for the calculation of Floer cohomology of T n , 
we need some algebraic discussion, which is in order. 

Let yi, . . . , y n be n formal variables. We consider the ring A[yi, . . . , y n , , ■ ■ ■ , y^ 1 ] 
of Laurent polynomials of n variables with A coefficient. We write it as A^y" 1 ] 
for simplicity. 
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Let u = (m, . . . , u n ) £ P. We put 

y? = T-^y i £A[y,y- 1 }. (24) 
By an easy computation we have 

T i j{ u) {y up A {y uy 3 , n = ^(u') W ')» W . . . (25) 

for u, u' G P. Therefore (flU)) defines an elements Zj <E A[y, y^ 1 ] in a way indepen- 
dent of u £ P. 

We next introduce a family of valuations o" on A[y, y^ 1 ] parametrized by u £ P. 
Let F £ A[?/,y _1 ]. Then for each u £ Int P there exists F" t £ A for 
ii, . . . , i n £ Z™ such that 

Here only finitely many of F" ; are nonzero. So the right hand side is actually a 
finite sum. 

Definition 5.6. 

0?(P)=inf{t )T (^... i J|^... in ^O} ) 
if F^Oand o£(0) = +oo. 

0" defines a valuation on A[y,j/ _1 ]. 

We denote the completion of A[y,?/ _1 ] with respect to o" by A u ((y, y -1 )). 
By definition we have 

X%{zj) = £ 3 (u) > 
for u £ P. The following lemma is its immediate consequence. 

Lemma 5.7. The right hand side of (j^flp converges with respect to 0" /or any 

U £ P. 

We remark that according to the general theory described in section [3l the 
potential function *pD associated to a Lagrangian submanifold L(u) is a A+ val- 
ued function on A4 wea k(L(u); Ao). By Theorem 15.21 (1), we have the inclusion 
P 1 (L(u);A ) C A / l wea k(i'(u); A ). Since Xi,...,x n £ A forms a coordinate 
of i? 1 (L(u);Ao) with respect to the basis e,, we may regard restricted to 
iJ 1 (L(u); Ao) as a function on (x±, . . . , x n ) £ Ag = iF(L(u); Ao). 

Then by Theorem 15.21 2) we have 

if Xi — x\ £ 27Tv— 1Z for each i. In other words, we may regard as a function 
of yf — e Xi . Note Xi £ Ao implies that yf — 1 £ A + . We next extend the domain 
of <£D by using Theorem El 2). 

We put Aj = £j(0). Then it is easy to sec from definition that 

v V A V? : • (26) 

Lemma 5.8. Let (t)i, . . . , t)„) G (A \ {0})". We assume 

(X> T (t) 1 ),...,t> T {t)n))eP. (27) 

We pwt 3j = T^ rj^' 1 . . . t^ 3 '" . Then 

N 

+ ^T pfc Pfc(3i,...,3m) G A+ 
k=l 
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converges as N — > oo with respect to the valuation X>t- 

Proof. (|27p implies t>x(3i) = ^i( u ) ^ 0- The lemma then follows easily from 
limfc-s.00 pk — oo in the statement of Theorem 15.21 ([20)) . □ 

We define 

«(P) = {(ni, . . . , t) n ) 6 (A \ {0})" | (o T (vi), • • ■ , D T (9»)) e P}. (28) 
By Lemma 15.81 we may regard *}3D as a function 

q3D : 2t(P) -> A+. 

We remark that 2l(P) is not a manifold. So we can not define differentiation of *}3D 
in the sense of usual calculus. Instead we will define it as follows. We remark that 
Zj and Pfe(zx) ■ • ■ > z m) are Laurent monomials of yi, . . . , y n with A coefficient. So 
we can differentiate it by j/j in an obvious way. Moreover 

d 

yi-^—Pk(zi,...,z m ) 

is again a monomial of zi, . . . , z m with Ao coefficient. Therefore for t) = (t)i, . . . , t) n ) G 
2l(P) the limit 



w->«> I dy 4 dj/i J dy. 



converges. (Here we put 3j = T^t)" 1 ' 1 . . . t)™ 3 '™.) We write its limit as 

dq3D 



oy 

Thus we have defined 



-(«>). 



y,-^- : 2l(P) A+. 
We now have the following: 

Theorem 5.9. For u € IntP i/ie following two conditions are equivalent. 

(1) There exists b € 7? x (L(u); A ) smc/i t/wrf 

HF((L(u),b), (L(u), 6); A ) = H(T n ; A ). 

(2) There exists t) = (rji, . . . , rj„) € 2l(P) suc/i i/iai 

vi^(v) = (29) 

/or i = 1, . . . , n and £/ia£ 

(t3 T (t)i),...,0 r (t) n )) = u. 

Definition 5.10. We say that L(u) is a strongly balanced if the Condition I) (= 
Condition 2)) in Theorem 15.91 is satisfied. 

Proof. 2) =^> I): Let rj be as in 2). We put yf = T~ Ui t)i. Then V T (y?) = 0. 
Therefore there exist yf € C and y" + € A + such that y" = y" + y" + . We put 
«i,o = log(y" ) and 

x l , + = io g (i + (y 4 ': r i ^ + )). 

Note (yfo)~ 1 y^ + G A_|_. Therefore we can define the right hand side by the Taylor 
expansion of log (I + z). 
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We put Xi — Xi.o + Xi.+ and b = X)i=i x i e i- Then using Theorem 15.51 it is easy 
to see that 1) is satisfied. 

1) =>• 2): Let b = x^i be as in 1). We put rji = T Ui e Xi . It is easy to see that 
rj = (t)i,...,t)„) satisfies t)i^(tj) = 0. □ 

Remark 5.11. It is easy to sec that yf = y%, where £ R™ is the origin. Note that 
the moment polytope P is well-defined only up to parallel translation. Namely we 
can replace it by P + u for any u £ M™ , then P + u corresponds to the same toric 
manifold as P. 

Thus the choice yf — yi is quite ad-hoc, and we may take any yf in place of yi in 
our story. In fact the ring A[y, y^ 1 ] can be canonically identified with the Laurent 
polynomial rings over yf (i = 1, . . . , n) using yf £ A[y, y~ 1 ]. 

On the other hand, the valuation o" and the completion A u ((y,y -1 )) is canoni- 
cally associated to the Lagrangian submanifold L(u). 

The variables yf also is defined in a way independent of the choice of the origin 
of the affine space in which P is embedded. 

In some reference such as [AurlllHV] 'renormalization' is discussed. It seems that 
this process depends on the choice of the origin in the affine space M. n . Namely it 
is related to the homothetic transformation yi m- Cyi where C — > oo. 

As we mentioned above the choice of is not intrinsic. More canonical way seems 
to be as follows. We consider each of u such that HF((L(u ),b), (L(u ), b);A) ^ 
for some b. We then replace P by P — uo, so this orbit £(uo) becomes L(0). We 
now use yi i— > Cyi to 'renormalize'. 

Thus there exists a 'renormalization' for each such uo. This process of 'renor- 
malization' seems to be related to the study of leading term equation, which we 
discuss in section [8] 



6. Examples 1 

Example 6.1. We first consider the case of CP™. We use (fT6|) and Theorem 15.21 
2), 3) to obtain 

*PD = z\ H V z„ + z = y x H h y n + T(y x ■ ■ ■ y n ) _1 . 

Therefore the equation (|29f becomes 

Q = y i_ a — = Vt-TyVi- ■ -Vn) ■ 

oyi 

The solutions are 

Vi = ---=Vn = T^^+V exp(27rV^Tfc/(n + 1)) 

where k — 0,1,..., n. The valuation of £/, are l/(n+ 1). Thus Uo = (l/(n + 
1), . . . , l/(n + 1)) is the unique strongly balanced fiber. 

Example 6.2. We next consider X(a), one point blow up of CP 2 as in Example 
14.31 Using the discussion in Example 14.31 and Theorem 15. 21 2). 3) we obtain 

«PD = y x + y 2 + T(y l2/2 )- 1 + T 1 -^ 1 . 

The equation ([29]) becomes 

1 - TyrV 1 - 0, 1 - Tyr 1 ^ 2 - T 1 ^ 2 = 0. 
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By eliminating yi — Ty 1 2 we obtain 

y\ + T a y\ - T a+1 = 0. (30) 

We put u\ = Ot(j/i)- 
(Case 1) ui < a. 

We take <o T of (|3U)l and obtain 4u x = a + 1. Namely U\ = (a + l)/4. u x < a 
then implies a > 1/3. 

Conversely if a > 1/3 and u\ = (a + l)/4 we put yi = T Ul y then ([30|) becomes 

y 4 +T (3a-l)/Y_ 1=0 _ 

Since (3a — l)/4 > 0, this equation has 4 simple roots y which are congruent to 
±1, ±\/— l" modulo A + , respectively. 
(Case 2) ui > a. 

We take Ot of (13T))) and have 3«i + a = a + 1. Namely ui = 1/3. U\ < a then 
implies a < 1/3. 

Conversely if a < 1/3 and u\ = 1/3 we put y\ = T x / Z y then ([30|) becomes 

T 1 / 3 -"?/ 4 + y 3 -1 = 0. 

This equation has 3 simple roots y which are congruent to 1, e 2lTv/ ^ T / 3 , e 4lTv/ ~ T / 3 
modulo A+, respectively. 
(Case 3) iti = a. 

We put yi = T Ul y. Then Ot(j/) = and we have 

i/il + yj-T 1 - 3 '* = 0. (31) 

(Case 3-1) a = 1/3. 

In this case there exists exactly 4 roots y € C of (|31[) . 

(Case 3-2) a ^ 1/3. 

By ([ST]) a < 1/3. Then T (1 + y) = 1 - 3a. We put y = T 1_3a w - 1. Then 
T (u;) = 0. Then ((SIJ) becomes 

(1 -T^^wfw + l = 0. 

There is one root of this equation with w = — 1 modulo A + . Three other roots 
do not satisfy Dt(w) = 0. Thus there exists one solution in this case such that 
ui = V T (y) = 0. 

In sum we have the following. 

If a < 1/3 there exists one solution with u\ = Ot(j/i) = a and three solutions 
withux = 1/3. Noteu 2 = T (y 2 ) = l-2it x . Therefore L(a, 1 — 2a) and £(1/3, 1/3) 
are the strongly balanced fibers. 

If a > 1/3 we have 4 solutions with u-y = (a + l)/4, u<x = (1 — a)/2. Namely 
there is exactly one strong balanced fiber L((a + l)/4, (1 — a)/2). 

In this section we discuss the Fano case only, where we can explicitly calculate 
*PD. The non-Fano case will be discussed in section [TOT 

In the case of Example HQ and O McDuff [Mc] proved that all the T n orbits 
where Floer cohomology vanish for all choices of b, are displaceable by Hamiltonian 
diffeomorphism. 

However there is an example of toric surface and its T 2 orbit, such that one can 
not displace it from itself by the method of [Mc] but all the known versions of Floer 
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cohomology over A vanish for this T 2 orbit. (See }Mcj Lemma 4.4.) We do not 
know whether they are displaceable or not. 



7. Open-closed Gromov-Witten theory and operators q 

In this section, we discuss the operator q introduced in |FOOOl] section 3.8. Let 
(X,w) be a symplectic manifold and L its Lagrangian submanifold as in section [3] 
Let hi, . . . , hk be differential forms on L and gi, . . . , ge differential forms on X. Let 
/3 G H 2 (X,L;Z). We dehnc 

ty,k,p(9i, ■ ■ ■ ,gi;hi, . . .,h k ) 

= J\ ev o< (( ev i~> • • • ,ev+,ev 1; . . . ,ev fe )* (g x X • • • X g t X hi X • • • X h k ). 
We also put 

q0;l;0(fc) = {-l) n dh. 

We remark that gi X • • • X gi X /ii X • • • X hk is a differential form on X f x L fc and 
its pull back is a differential form on M^+veift)- The map evoi is integration along 
fiber by the map ev : A^K^OS) — > More precisely we use a continuous family 
of perturbations in the same way as we defined in section [3j 
We then put 

PeH 2 (X,L;Z) 

It defines a map 

q t , k : E t (Q(X)[2] ® A ) <g> B fc (fi(L)[l] <g> A ) -► n(i)[l] <g> A . 

This operator has the following properties. We omit the suffix ^, fc in c\£. k and 
write q in the formula below. We use the convention ^ introduced at the end of 
subsection l2.lt 

Theorem 7.1. (1) Let x G B k (Q(L)[l] ®A ), y G Ei(Q(X)[2] ® A ). Suppose 
y is a linear combination of the elements of the form yi ® • • ■ ® ye. where 
each of j/j are closed forms. We then have the following: 

0= E(-l)*q(y^;x^®q(y 2 ; 2 ;x^)^x^) (33) 

ci,c 2 

where * = deg' x^ 1 + deg' x^ 1 deg y 2 ; 2 + deg y 2 ; 1 . 

(2) Ify = 1 G E (Q(X)[2] <g> A ) = A then 

q , fe (l,x) = m fe (x). (34) 

(3) Let e = PD([L]) be the Poincare dual to the fundamental class of L. Let 
Xj G B(Q(L)[1] ® Ao) and we put x = Xi <g> e <g> x 2 G B(f2(L)[l] ® A ). Then 

q(y;x) = (35a) 

except the following case: 

q(l;e®s) = (-l) dcg:E q(l; z ® e) = a, (35b) 
where x £ fi (£)[!] ® A = ® A ). 
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(4) There exists a discrete submonoid G = {Xi | i = 0, 1, 2, . . . } such that 

oo 

i=i 

where : E t {il(X)[2]) ® B fc (fi(L)[l]) -)■ 0(L)[1]. 

(5) Let i : L ^ X be the inclusion and y € fi(X) <8> A . T7ien 

q 1)0 (», !) = **(») mod n(L)®A+. 

Remark 7.2. Formula (|33|) above implies that the operator q (after modifying the 
sign appropriately) define a homomorphism _E.4[2] — > HH*(L; A) to the Hochschild 
cohomology of de Rham cohomology ring of L. See [FOOOT] Section 7.4. 

This is de Rham version of jFOOOl] Theorem 3.8.32. Namely item 1) is jFOOOl] 
(3.8.33), Item 2) is |F(JU(J1] Theorem 3.8.32 (3). Item 3) is |F(JO(Jl] ( 3.8.34.2). 
Item 4) follows immediately from definition. Item 5) follows from |FOOOl] (3.8.34). 

Let b € n even (X) <g) A+ and b € tt odd {L) <g> A+. Suppose db = 0. We put 
b = (b, b) and define 

m£ : B k (n(L)[l] <g> A ) -> ® A 

by 

mfc(a;i,...,Xfc) 



(36) 



mo mi m k 

It is easy to see that {m£ |fc = 0,l,2,...} defines a unital and gapped filtered Aoo 
structure. 

We define -Mdef,wcak(£) as the set of all b = (b, b) such that 

mS(l) = ce. (37) 

Here e = 1 6 0°(L). 

If b e A^dof,woak(i) then we have 

o m? 5 = 0. 

Definition 7.3. For b 6 A^def,wcak(^), we define Floer cohomology with bulk de- 
formation by 

iJ.FCCi, b), (i, b); A ) = (38) 

Im m° 

HF((L, b), (L, b); A) is defined by taking (g> Ao A. 

We define the potential function : .Mdcf,wcak(£) — > A + by the equation 

<PDe = nio(l). (39) 

We also put ^D b (b) = ySQ(b,b). 

If HF((L, b), (L, b); A) 7^ then L is non-displaceable. This is |FOOQ4] Propo- 
sition 3.15 which is proved in |FOOQ4] section 8. 
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8. Floer cohomology with bulk deformation in the toric case 

Now we apply the construction explained in the last section to the case of toric 
manifolds. In this section we use cycles (submanifolds) rather than differential 
forms to represent the (co)homology classes of ambient manifold X, by a reason we 
will mention in Remark 18.31 

Let D\, . . . , D m be the irreducible components of toric divisors. Let J — {ji, . . . , j k } C 
{1, . . . , m}. If Dj = Dj ± n • • • H Dj k is non-empty, it is a (real) codimension 2k 
submanifold of X. We include the case J = 0. In that case Dj — X. We denote 
by A the free abelian group generated by Dj. We put cohomology degree on it. 
Namley deg Dj — 2k if codimension of Dj is 2k. We define -A(Ao) = A ® Ao. 

There is an obvious homomorphism 

A^H*(X;Z) (40) 

which is surjective but not injective. We write the generator of A as p it (i = 
0, . . . , B), where p = X and = Di for i = 1, . . . , m are degree 2 classes. For 
I = ...,i(.)e{l,..., B} 1 we put 

Pi = P h ® • • • ® Pi t , [P/] = \ E Pvw ® • • • ® Pi. w € • 

Here 6^ is the symmetric group of order £!. 

Let u G Int P, G H 2 (^, i(u); Z) and / G {1, . . . , B} e . We define: 

Mt&ifi, Pi) = ^r + t(« ( ov+,...,ev+) Pi- (41) 

Note evf are evaluation maps at interior marked points. We then still have evalu- 
ation maps at boundary marked points: 

ev = (ev , . . . , ev fe ) : Mff&fi, P/ ) L k+1 . (42) 

We use it to define an operator 

(U, k .p : E e A[2] ® B k H(L{u); C)[l] ->■ H(i(u); C)[l] 

as follows. We remark that there is a transitive and free action of T™ on L(u). Wc 
put a T n invariant metric on L(ii). Harmonic forms with respect to this metric are 
nothing but the T n invariant differential forms. We identify the cohomology group 
H(L(u); C) with the set of the T n invariant forms on L(u) from now on. 
Let hi,..., h k G H(L(u); C). The pull-back 

(evi, . . . ,ev fc )*(/ii x • • • x h k ) 

is a differential form on A^^"^(/3, Pj). We use integration along fiber of the eval- 
uation map ev : M^i^fi, p z ) — > L and define: 

qt,k;p(\Pi]', hi x ••• x h k ) =evoi(evi,...,evjt)*(/ii x ■■• x ft fc ). (43) 

We can perform all the constructions in a T™ equivariant way. So the right hand 
side is a T n equivariant differential form, which we identify with an element of 
cohomology group. 

Remark 8.1. To define integration along the fiber, we need the map ev : ■M^+iii^' Pi) 
L to be a submersion. We also need the moduli space to be transversal after taking 
an appropriate perturbation. 

We can do so by using multisection in the same way as section [5] as follows. 
We remark that the fiber product moduli space ■M^+iiW'Pi) nas a Kuranishi 
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structure. The group T n acts on it. Moreover the T n action is free. (This is 
because evo is T n equivariant and the T n action on L(u) is free.) Thus by the same 
argument as we explained during the proof of Theorem l5.2l we can take multisection 
s which is T n equivariant and transversal to 0. Then evo : M^+\tifii Pi)* -^( u ) 
automatically becomes a submersion if M^f^^(fi, P/) 5 is nonempty. 

We can also choose our perturbation so that it is invariant under the permutation 
of the interior marked points so descents to £^.4[2]. Therefore the right hand side 
of (H2J) depends only on [p f ] rather than on p 7 . 

We now define 

<U,k ■ EtA{Ao){2}®B k H(L(u);A )[l] -> ff(L(u);A )[l] 

by 

/3GH 2 (X;L(u);Z) 

In case we consider elements of EiA(Aq)[2] which contain p , the Poincare dual to 
[X], we define q^* as follows: 

qi,o(Po;l) = e, qi, 2 (p ;^i^2) = (-l) dcs ' ll(dcs ' l2+1) /iiA/ i2 . (44) 

In all the other cases, q^ ; fc is zero if the first factor EiA(Ao)[2] contains p . 
Then our q^j. satisfies the conclusion of Theorem 17. II 

For b = (M) G A(A + ) x H odd (L(u); A+), we define m£ by flUJ). It defines a 
unital gapped filtered Aoo structure on H(L(u); Aq). 
Now we define 

.M drf ,wcak(£(u); A+) c A(A+) x H odd (L(u): A+) 

as the set of all b = (b,b) € -4(A + ) x H odd (L(u);A + ) such that mft(l) = 
mod A + e. In other words it is the set of (b, b) such that 

oo oo 

EEq, ;fc (E/;6 fc ) =0 mod A+e. (45) 

£=0 fc=0 

We define the potential function tyD : -Mdcf.wcak(^(u); A+) — > A + by 

oo oo 

^^q {;fc (b f ;^)=qiD(M)e. (46) 
e=o k=o 

Using a similar trick as the one used in section [5] we can extend the story to the 
cohomology groups with Ao coefficient. Namely we obtain a Maurer-Cartan scheme 

-Mdc f ,wcak(£(u);A ) C A(A ) x H odd (L(u); A ) 
and Floer cohomology parametrized thereover. We also have a potential function 

: M dcl .weak (L(u);Ao)-> A+. 
Most of the stories in section [5] can be generalized to the current situation. 
Theorem 8.2. (1) A(A )xH 1 (L(u); A ) is contained in Mdef,vj ea .k(H(L; A ); A ). 
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(2) Let b = X>,Xj e H 1 (L{u)\K( S ) and b G A(A+). Then we have 

N 

%tD(b, b) = zi H h z m + ^ T Pfc P fe (b; 

)• (47) 

Here N G Z> or N = oo. The numbers pk are all positive and real. 
In case N = oo, the sequence of numbers pk goes to oo as k goes to oo. 
Pk(i>; Z\, . . . , z m ) are monomials of z\, . . . , z m of degree > 2 with Aq coeffi- 
cient. (Here degree means that of monomials of Zi.) We remark that Zj is 
defined from yf = e Xj by (f"TP|) . 

(3) Letb = J2 € H x {L{u)\ko) and b € ^(A ). 

CpD(b, b) = c 1 z 1 H h c m z m + Po{b; z 1: ■■■ , z m ) 

^ (48) 
+ ^T^P fc (b;z 1 ,...,z m ). 

fc=i 

Po(b; Z\, . . . , z m ) is a formal power series of z%, Z2, ■ . • , z m with Aq coeffi- 
cient such that each term has degree > 2. The numbers Cj are defined as 
follows. Let b = ^2wjPj. We put Wj = Wj mod A + and Wj G C. Then 
Cj = e Wj G C \ {0}. Other notations are the same as in Q^7j ). 

(4) The monomials Pk and the numbers pk are independent of u and depends 
only on X and b. 

Item 1) is |FOOQ4] Proposition 3.1. (In [FOOQ4] Proposition 3.1 it is assumed 
that b G -4(A +). It ho lds also for b G A{A ). See |FOOQ4] section 11.) 
Item 2) is [FOOQ4j Theorem 3.4. 

Item 3) follows from }FOOQ4 j sections 8 and 11. (Formulas (9.3), (11.1) etc.) 
Item 4) follows from [FOOQ4] Lemma 6.8. 

The proof of Theorem 18.21 is similar to that of Theorem 15.21 We here mention 
only a few points. Let I = (ii, ■ ■ ■ G {1, . . . , B} 1 . We put p T = p i ® • • • ® . 
We have 

i 

dimM^CS; Pj ) = n - 2 + p(f3) - ^(degp, - 2). (49) 

i=l 

Here dim is the virtual dimension that is the dimension in the sense of Kuranishi 
structure. As we explained in Remark [8. li the perturbed moduli space /A^ L f m (f3; p 7 ) s 
is empty if (|4"9")l < n. 

Remark 8.3. This is the reason why we use cycles Pi rather than differential forms 
on X to represent cohomology classes of X. This point is crucial to prove item 1) 
in Theorem ET2l 

In the case (|4"9")l — n we define 

c([3; I) = deg[ev : M?f n ((3; P/ ) s -> L(u)} G Q. (50) 

Here and hereafter A4™ ln (f3; pj) s denotes the perturbation of the moduli space 
/A^ L f m (f3; pj). Namely it is the zero set of the multisection s. This zero set has a 
triangulation and each simplex of maximal degree comes with a weight G Q. Thus 
it has a virtual fundamental cycle. See [FOOOlj Section Al. 

The number (|50[) is well-defined. Namely it is independent of the perturbation 
s as far as it is T n equi variant. It is also independent of u. ( [FOOQ4] Lemma 6.8.) 
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The potential function is calculated by using c(/3; I) as follows. Let £ = £%,... ,£b G 
Z| . We put 

/(/) = (1,...,1,...,B,...,B) e {1,...,B}^**, 

and 

c(P;i) = c(P;I(£)). 

Let b = Eto^Pi- 

We define 80) el by 

d i (/3) = (d/3,e* i ), 

and put 

{y » r = {y u fl p . . . {y u )dn p = T-WMtfP . . . ^ 

Now we have 



oo oo 



¥0(b,b) = wa + J2 £•••£ 

/3efl" 2 (X",i(u);Z) «i=0 ^ B =0 

y(/3nw)/2^ 



(51) 



For the proof of ([51]) see |FOQ04j section 9. 

(|47]) fo llows from ([51]) and c(/%; (0, . . . , 0)) = 1. This follows from [CD] . (See 
[F()()()4j section 7.) 



Theorem 15.51 is generalized to our situation without change. Namely we have 
the following theorem. Hereafter we put «p£) 6 (&) = «££)({),&). 

Theorem 8.4. Let b = ^ a^e, G iJ x (L(u); Ao) and b € >4(Ao). Then the following 
three conditions are equivalent. 

(1) For eac/i of i = 1, . . . , n we /iawe: 



(2) 



= 

6 



HF((L(u), (b, 6)), (L(u), (b, 6)); A ) = ff(T»; A ). 

(3) 

frF((L(u),(b,6)) J (L(u),(b,6));A) 9 4 0. 



The proof is the same as the proof of Theorem 15 . 5 1 except some technical points, 
which we omit and refer [FOOQ4] . 

The discussion in section [5] on the domain of the function *}3D as a function of 
Hi is also generalized. 

We put: 

*(>) = {(t)i, . . . , t>„) e A" | (o T (rn), . . . , T (t) n )) e Int P}. (52) 
We remark that by Theorem 18.21 ?ftD b may be regarded as a function of yi, . . . ,y n . 
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Lemma 8.5. Let (t) u . . . , t) n ) £ 2l(P). We put i 3 = T x >Tft A . . .V)l 3 - n . Then 

N 

li + ■ ■ ■ + hn + P {t>;2i, ■ ■ ■ ,} m ) + ^2T pk Pkib;}!, . . . ,z m ) £ A + 

fe=l 

converges as N — > oo wif/i respect to the valutaion X>t- 

In case b £ A(A + ) where the term Po(b;3i, ■ • ■ ,3m) "is absent, we may relax the 
assumption to (t)±, . . . , rj„) € 2l(P). 

Thus we may regard *}3D as a function either : 2l(P) — > A + or : 2l(P) — > Ao. 
We can define 

fo-i — 

o 

in the same way as section[5] It defines cither a function : 2l(P) — > A + or : 2l(P) — > 
Ao. Theorem 15.91 can be generalized as follows: 

Theorem 8.6. For u £ IntP, b £ A(Aq), the following two conditions are equiv- 
alent. 

(1) There exists b £ P 1 (L(u); Ao) such that 

HF((L(u), (fa, b)), (L(u), (fa, 6)); A ) - H(T n ; A ). 

(2) T/iere exists t) = (t)i, . . . , t) n ) € 2l(P) sucA iftoi 

^(9) = (53) 

/or j = 1, . . . , n and that 

(0 T (rji),...,t> T (r)„)) = u. 
This is |FOQ04j Theorem 3.12. 



9. Leading term equation 

Theorem 18.61 provides a means of determining the Floer cohomology in terms of 
the potential function. The main obstacle to directly apply the theorem in practice 
is that we do not know how to calculate the extra terms P&(b; z±, • • • , z n ) unless X 
is Fano and fa has degree 2. (There has been some computation carried out in this 
direction for the nef case. See e.g. |CLaj .) 

Fortunately to determine all the T n orbits L(u) for which some Floer cohomology 
with bulk docs not vanish, we do not need to calculate those terms. We will explain 
it in this section. 

In this and the next sections we fix b and u and consider *pD b as a function of 
variables yf. In this section we write y i instead of yf. We remark that tJxiVi) = 
and 

Definition 9.1. We denote the sum of linear terms Zj's in tyO by 

m 

= tizi + ■■■ + c m z m = ^T^Wc^ 1 • ■ 
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and call it the leading order potential function. Here Cj is denned as in Theorem 
U3), 

Note this function appears frequently in the literature (see [Gil[ IHVj llrilj ). is 
denoted as W, and is called the (Landau-Ginzburg) superpotential. 

Remark 9.2. Note in our situation of toric manifold, superpotential in physics 
literature is basically the same as our potential function. However in other situation 
they may be different. For example in the case of Calabi-Yau 3 fold X and its special 
Lagrangian submanifold L, our potential function is identically 0. (In other words, 
if b is a weak bounding chain then it is a bounding chain automatically.) On the 
other hand, the physisists' superpotential coincides with the invariant introduced 
in [Fu4] , 

We remark that the leading order potential function C$Dq is explicitly read off 
from the moment polytope P and u. The leading term equation we will define 
below depends only on leading order potential function and so is also explicitly 
calculable. 

We renumber the values £j(u) according to its order. Namely we take j(l,r) 6 
{1, . . . , m} for 1 = 1,..., Kq, r = 1, . . . , a(l') with the following conditions. 

Conditions 9.3. (1) {j(l,r) | I = 1, . . . , K , r = l,...,a(/)} = {l,...,m}. 

(2) a(l) + • • • + a(K ) = m. 

(3) £j (i|r )(u) = ^(j,r')( u ) for l<r,r' < a(l). 

(4) %, r) (u) < %;,, r >)(u) if I < V. 

We put 

Si=£ j{l>r) (u). (54) 

This is independent of r. Set 

Vl,r = ^(I, r ) = {Vj(Lr),l,- ■ ■ ,^j(i,r),n) S Z". (55) 

It is an element of the dual vector space of A(Q) = Q™, which we denote by A(Q)*. 
Here A(R) = A(Q) ® R is the R vector space associated to the affine space which 
contains the moment polytope P. Let A^ is a vector subspace of A(Q)* generated 
by {vi' yr | I' < I, r = 1, . . . , a(l')}. We denote by K < K the smallest integer such 
that A^ = A(Q)*. We have a filtration 

OcA^cA^c-'-cAi. = (Q)*. (56) 

We put 

d(l) = dim A/- - dim A^_ 1 . (57) 

We have 

d{l) + ■■■+ d(K) =n= dimA(Q)*. (58) 

Note A = Z n C A(Q) = Q n . So Z" C A(Q)* is determined canonically. (We 
remark that Z™ c A(Q)* is generated by Vj, j = 1, . . . , m.) Let {e* | i = 1, . . . ,n} 
be the standard basis of Z™ c A(Q)*. We take e ; * s for I = 1, . . . , K, s = 1, . . . , d(l) 
satisfying the following conditions. 

Conditions 9.4. (1) {e ; * >s | V < I, s = 1,. .., d(V)} is a Q basis of A/-. 

(2) vi tr is contained in the Z module generated by {e ; * s \ I' < I, s = 1, . . . , d(l')}. 
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We define bv, s -j G Q by 



and put 



3=1 



Vl',3 = 1 I ; ' = eX P X) 6 '''^ 
3=1 \3=1 

(Note y i = e Xi .) Since 6z' jS; i may not be an integer, y v s may not be contained in 
the Laurent polynomial ring Ao[y, of the variables y~j (j = 1, . . . , m). But it is 
contained in the finite extention of it. Let Ao[j/**, y^* 1 ] be the Laurent polynomial 
ring of the variables y ; s , I = 1, . . . ,K, s = 1, . . . , d(l). 
By Condition El 2)', 



/(i,r) = ^ '2/1 



•2/n 



is contained in Ao[y,y -1 ]. Moreover it is contained in the Laurent polynomial ring 
of the variables y v s , I' = 1, . . . , I, s = 1, . . . , d{V), 
We define ci : r-v,s G Z by 

n 

;'<; s <d(v) 



c l,r;l',s 



(59) 



In other words 



We put 



l'<l s<d{l<) 



o(0 a(i) 

, c 3(j,r)^(i,r) = x c j(','') n n ^ :! '' 

r— 1 r— 1 



(60) 



J'<i s<d(l') 

The numbers Cj(/, r ) G {c G Ao | 0r(c) = 0} are defined in Definition 19. II 

We remark ^JDq^ is a Laurent polynomial of variables y v s , I' < I, s = 
1, . . . , d{V) with coefficient in complex number. 

Definition 9.5. The leading term equation is a system of n equations of n variables 
y l s with complex number coefficient. We define it by 



Vi,. 



divot 



9 (VOI) 



i = s = l,...,d(l), 



Vl. 



Vk,. 



d(¥O b o) i 

' dy, s 



(ggo) 

dVK.s 



K 



a = l,...,d(2), 



s = l,...,d(0, 



= s = l,...,d(if). 



(61) 
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Note the first equation in (|6"Tj) contains y 1 s 8 = 1,..., d(l), the second equation 
in (|61[) contains y 1 s s = 1, . . . , d(l) and y 2 s s = 1, . . . , d(2) etc. 

If b - b' £ -4 2 (A+) © ® k ^ 2 A k {A ) then (qpOjj) - (?Pf o') • So the leading 
term equation is the same for such b and b'. 

One of the main results of F0004 is as follows. 

Theorem 9.6. Let u £ Int P and b £ A(Aq). Then the following two conditions 
are equivalent. 

(1) The leading term equation \61\ has a solution y l s £ C \ {0}. 

(2) T/iere exists 6 £ iJ^i^u); A ) and b' € A(A ) with b - b' £ A 2 (A + ) such 
that 

HF((L(u), (b, b)), (L(u), (b, 6)); A ) S H(T n ; A ). 

This is [FOOQ4 | Theorem 4.7 and Proposition 11.3. We omit the proof and refer 
|FOOQ4] . 

Definition 9.7. We say that L(u) is strongly bulk balanced if there exists b € -4(Ao) 
and b £ i? 1 (L(u); Ao) such that 

HF((L(u), (b, 6)), (L(u), (b, 6)); A ) - H(T n ; A ). 
See |FOOQ4] Definition 3.13 for a related definition. 

Theorem 19.61 gives a way to locate strongly bulk balanced L(u) in terms of the 
leading term equation. 

10. Examples 2 

Example 10.1. We consider Hirzebruch surface F n , n > 2. We take its Kahler 
form so that the moment polytope is 

P = {(u\, U2) I < U\, U2, u\ + nu2 < n, U2 < 1 — a} , 

< a < 1. The leading order potential function is 

¥Q = yi +y 2 + T n y^ n + T 1 ~ a y 2 ~ 1 ■ 

We put 

l\{u\,u%) = u\, £2(^1,^2) = U>2, 

h(ui,U2) =n-u\- nu 2 , £a{ui, "2) = 1 - a — u%. 

We put S\(u\,U2) = inf{^j(ui,tt2) | j = 1,2,3,4}. 

Suppose the first of the leading term equation (|61[) has a nonzero solution. Then 
it is easy to see that d(l) > 2. Namely 

#{j I S 1 (ui,u 2 )=£ j (u 1 ,u 2 )} > 2. 

This is satisfied on the 5 line seguments li, . . . , I5, where 

li : u\ — U2 < (1 — a)/2, I2 : ui = 1 — a — U2 < (1 — a)/2, 

: u\ — n — (n + l)w2 > n — (n + 1)(1 — a)/2 

?4 : Mi = n — 1 + a — (n — l)u2 > n — (n — 1)(1 — c>0/2, 

k-u 2 = (l- a)/2, (1 - a)/2 < ui < n - (n - 1)(1 - a)/2. 

Note 

«i = (1,0), w 2 = (0, 1), v 3 = (-1, -n), v 4 = (0, -1). 
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Let u = (ui,u 2 ) € h- Then A^(l) is Q • (0,1) and 




(°'°) (»J0) 

Figure 10.1 

We also have 

{y 1 If mi < (1 + a)n/A 

y^T2 n Uu 1 >(l + a)n/4 (63) 

Vi+Vi 1 ^ If «i = (l + a)n/4 

(1521 gives the first leading term equation 1 — y^ 2 = whose solutions are y 2 = ±1- 

Then (|63|) gives the second of the leading term equation which arc 1 = 0, 
-(±l)- n y^ 2 = 0, 1 - (±l)- n y^ 2 = 0, where m < (1 + a)n/4, m > (1 + a)n/4 
and ui = (1 + a)n/4, respectively. 

The solution ^ exists only in the case u\ = (1 + a)n/4. In that case the 
solutions of leading term equations are (1, ±1) and (— 1, ±(— l)™/ 2 ). Thus L((l + 
a)n/4, (1 — a)/ 2) is strongly bulk balanced. 

We can check that there are no other strongly bulk balanced T 2 orbit. (This 
follows from Theorem 111.91 also.) 

See [FOOQ3j Example 8.2 where the same conclusion is proved by basically the 
same but a slightly different calculation. 

Remark 10.2. For the case of Example 110.11 we can actually prove that L((l + 
a)n/4, (1 — a)/2) is strongly balanced. Namely some Floer cohomology without 
bulk deformation is non-zero. This follows from |FOOQ3] Theorem 10.4. 

Example 10.3. ( |FQ004) section 5, |FOOQ3j Example 10.17.) We consider two 
points blow up X(a,a') of CP 2 . (Example 14.41 ) We consider the case a > 1/3, 
a' = (1 — a)/2. The moment polytope is 

P = {(ui,u 2 ) | < iti < 1, < u 2 < 1 - a, (1 - a)/2 < u x + u 2 < 1}. 

We consider 



u(t) = (t, (1 - a)/2), t G ((1 - a)/2, (1 + a)/4). (64) 
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We have 

VO = T^ 2 (y 2 + y 2 l ) +T t (y 1 + y 1 y 2 ) +T^/ 2+t (y 1 y 2 )- 1 

where 

(l-a)/2<t< (l + a)/2 + t. 

Therefore 

Thus the leading term equation is 

l-yj 2 = 0, l + y 2 = 0. 

This has a solution y 2 — — 1 (l/i is any number e C\{0}.) 

Theorem 19 . 61 implies that all of L(u(i)) as in ([64]) are strongly bulk balanced. In 
particular they are non-displaceable. 

(0,1-a) 



(0,(l-a)/2) : 




((l-a)/2,0) 

Figure 10.2 



(1,0) 



Remark 10.4. In the toric case, for each given b, the number of L(u) with non- 
trivial Floer cohomology for a pair (b,b) for some b £ iJ 1 (L(u); Ao) is finite. (It is 
smaller than the Betti number of X by Theorem 1 11. 61 ) So to obtain infinitely many 
L(u) with nontrivial Floer cohomology we need to include bulk deformations. 

In the examples we discussed in this section, we do not need to change the 
variables from yj to y\ s . An example where we need this change of variables is 
given in |FOQ03j Example 10.10. 

In Example 110.31 we obtain a continuum of non-displaceable Lagrangian torus in 
certain two points blow up of CP 2 . ( F0004]). We can also use bulk deformation 
to obtain a continuum of Lagrangian tori in S 2 x S 2 . They are not of the type 
of T 2 orbit but is obtained from the T 2 orbit of singular Hirzebruch surface F 2 (0) 
by deforming the singularity, that is of orbifold of A 2 -type. ( F0006 .) Closely 
related construction is in [NNUll INNU2] 
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11. Quantum cohomology and Jacobian ring 

11.1. Jacobian ring over Novikov ring. In this section we discuss the isomor- 
phism between the Jacobian ring of tyD b and the quantum cohomology ring of X 
deformed by b. We start with defining Jacobian ring precisely. 

Usually Jacobian ring is studied in the case of (Laurent) polynomial or holo- 
morphic function germ. Our function *p£) is neither a Laurent polynomial and 
nor a holomorphic function. So we first define a function space in which ?$D b is 
contained. 

We consider the Laurent polynomial ring A[y,?/ _1 ] of n variables with A coeffi- 
cients. We defined a valuation u" for each u £ K™ in section [5l Definition 15.61 Let 
P be a compact subset of W l . (We use the case when P is a convex polytope only 
in this article.) 

Definition 11.1. For F £ Afy.y -1 ] we define 

t)£(F) =inf{t)£(F) \ u£P}. 

This is not a valuation but is a norm. Therefore it defines a metric on A[y, y^ 1 ] by 
dp(Fi,F 2 ) = e ~ v T( F i- F 2) _ We denote the completion of A[y,y _1 ] with respect to 
dp by A p ((y, y -1 )). It is a normed ring. 

We define A£((y, y" 1 )) as the set of all F £ A p ((y,y- 1 )) such that & P (-F) > 0. 

Let P be a moment polytope of our toric manifold X . We take lj (j = 1, . . . , m) 
as in Condition 14.11 and put 

P e = {u6l B |^(u)>e, j = l,...,m} 

for e > 0. 

Definition 11.2. We define a metric d^ on A[y,y _1 ] by 

oo 

d. (fi, F a ) = Y, 2 ~ fc ™Mdp 1/k (F U F 2 ), 1). 
fc=i 

o 

Let A p ((y, y -1 )) be the completion of A[y,y _1 ] with respect to do. 

It is easy to see that an element of A p ((y, y -1 )) may be regarded as a function 

O O 

: 2l(P) — > A and an element of A p ((y, y -1 )) may be regarded as a function : 2l(P) — > 
A. 



Lemma 11.3. //be -A(A ) then 

c9y 



G Ao^y- 1 )), y,^|^ G A^y- 1 )). (65) 



If b £ A(A+) then 

¥Q b £ A^y" 1 )), Vl ^- £ A^y" 1 )). (66) 

We omit the proof, which follows from Theorem 18.21 See |FOQ05j Lemma 2.6. 
Now we define 
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Definition 11.4. 

Jac(q3D") 



C\os d0p (tfi^i :» = !,..., n) 



(We may replace A^((y,y 1 )) by A^((y,?/ 1 )) in the above formula in case b G 
A(A + ).) 

Here the denominator is the closure of the ideal generated by Vi 9 ^ ■ i = 
1, . . . , n. The closure is taken with respect to the metric cL. 



11.2. Big quantum cohomology: a quick review. We next review briefly the 
well established story of deformed quantum cup product. Let {X, uj) be a symplectic 
manifold. For a G H2(X;Z) let A4g(a) be the moduli space of stable maps from 
genus zero semi-stable curves with I marked points and of homology class a. There 
exists an evaluation map 

ev : Mi(a) -> X 1 . 
A4i(a) has a virtual fundamental cycle and hence defines a class 

ev*[Me{a)\ € H*(X L ,Q). 
(See [FOj.) Here * = 2n + 2c x {X) n a + 21 - 6. Let Qi,...,Qt be cycles such that 
^2 codim <3i = 2?i + 2ci (X) n a + 2f - 6. (67) 
We define Gromov-Witten invariant by 

GW e (a:Qx,..., Q e ) = ev, [M t (a)] n (Qi x • • • x Q t ) € Q. 

We put GWg(a : Qi, . . . , Qi) — when (|6T|) is not satisfied. 
We now define 

GW e (Q u ...,Q e ) = J2 T {an " )/27T GW(a :Q X ,..., Qi). (68) 

a 

The formula (|68p extends to a A module homomorphism 

GW e :H(X-A )® e ^A a . 

Definition 11.5. Let b G H(X; A ) be given. For each given pair c,5 £ H(X; A ), 
we define a product c U b o € if (X; A ) by the following formula 

(c U fa 0, e) PDx = Ji GW w( c > 5, e, b, . . . , b). (69) 

£=0 

Here (•, -)pd x denotes the Poincare duality pairing. The right hand side converges 
if b € H 2 (X;A + )®($ k>2 H k (X; A ). We can ex tend it to arbitrary b G H*(X;A ). 
(This is well-known. See for example }FOOQ5) section 2.) 

U b defines a graded commutative and associative ring structure on H(X;A ). 
We call U fa the deformed quantum cup product. 
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11.3. The isomorphism 'Jacobian ring = quantum cohomology' and its 
applications. 

Theorem 11.6. There exists a ring isomorphism 

(ff(A;A ),U fa )- Jac(<pD b ) 

This is |FOOQ5] Theorem 1.1 (1). We explain some parts of the proof later in 
this section. We first discuss some applications. 

Definition 11.7. Let Crit(*p£) 6 ) be the set of all X) £ 2l(P) such that 

for i = 1, . . . , n. An element of Crit^^D ) is said to be a critical point of ^10 b . 
A critical point r> of y$D b is said to be non-degenerate if the matrix 

i ~i i,i=n 

d 2 yo b , . 

is invertible, as an n x n matrix with A entries. 

The function ?fi0 b is said to be a Morse function if all of its critical points are 
non-degenerate. 



Wl(X;b)=i(u,b) 



We put 

' u <= Int P,b e H\L(u); A )/ff 1 ( J L(u);27r % /^TZ),l 
HF((L(u), (b, &)), (L(u), (b, 6)); A ) = H(T n ; A ) J ' 
Theorem 18.61 implies the following. 

#9n(A;b) = #Crit(q3D b ). (70) 
Proposition 11.8. There exists a direct product decomposition 

JacCPD 6 ) ®a A = {J Jac(<pD b ;r,), (71) 

t)eCrit(q30 b ) 

as a ring. 

XTie factor Jac(*p£) ; rj) m the right hand side is a local ring. 

The ring is one dimensional if and only if X) is non- degenerate. 

This is a standard result in the case, for example, when the function (^D 6 in 
our case) is a polynomial or a holomorphic function. We can prove Proposition 
lll.8l in a similar way to those cases. It is proved in |FOOQ5] section 5. 

Theorem [TOl and Proposition 11X51 imply that (H(X;A),U b ) is semi-simple if 
and only if tyD is a Morse function. 

Theorem 111.61 together with Proposition 111.81 and Formula (|70l) imply the fol- 
lowing: 

Theorem 11.9. (1) If s $D b is a Morse function then 

TaakH(X;Q) = #9JT(A;b). 
(2) //*pD b is not a Morse function then 

< #Wt(X;b) < rank#(A;Q). 
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This is [F0005 Theorem 1.3. Some of the earlier partial results is given in 
}FOOQ3j Theorems 1.9 and 1.12. 

Remark 11.10. Thcorcm lll.9l in particular implies that there exists at least one 
non-displaceable T n orbit. This fact also follows from an earlier result by Entov- 
Polterovich [EP21IEP3] . 

Another application is the following: 

Theorem 11.11. f |FOQ05j Theorem 1.4.) Assume b € H 2 (X;A ). The set of 
eigenvalues of the map x h-> Ci(X) U b x : H(X;A) — > H(X;A) coincides with the 
set of critical values ofty£) b , with multiplicities counted. 

Remark 11.12. Theorem 111.111 was conjectured by M. Kontsevich. See also 
[XurT] . 

Proof. The proof uses the following: 

Lemma 11.13. Let us consider the situation of Theorem \11.11[ Then, by the 
isomorphism in Theorem \ 11.61 the first Chern class c\{X) G H 2 (X;C) is sent to 
the equivalence class of^D b in Jac^D^). 

This is 1FOOQ5I Proposition 15.1. 

Now we consider x H> Ci(X) U b x. We use Thoerem 111.61 and Proposition 111.81 
then it is identified to the direct sum of maps 

[F] i y [¥D h F], Jac^D^tj) -> Jac(qJD 6 ; t)). 

The eigenvalue of this map is qj£) 11 (rj). This implies Theorem HHH □ 



11.4. Construction of the homomorphism fef,. In various applications of Tho- 
erem 111.61 it is also important to know the way how the isomorphism is defined, 
which we describe in this subsection. 

Let Pj be the basis of A as in sectional We write an element b E -4(Aq) as 



i=0 



We put n>i = e Wi for i = 1, . . . , m. (Note p i5 i = 1, . . . , m are degree 2 classes.) We 
define Pj ...j B (y) by 



OO OO 



ym-.i,) = E ••• E p h...j B (y)<K •••< m ^™+ + i 1 ( 72 ) 

h=o j B =o 



We can show that 



Pjo...jB(v)eTHo...>BAP{{y iy -l) 



3o-3B \y> iL 
with 

. , linl Ph-jB = 00 ■ 

JoH hjs-i-oo 
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Therefore the right hand side of 
^D(b;y) 



oo-o j B =0 

oo oo 
Jo=0 Jb=0 



,Ji-l 



w 3 ^ i 7^ 1 , . . . , m 



i = 1, . . . , m 



(73) 



makes sense and is contained in A p ((y,y 1 )) for each b G -A(Ao) 
We define the map 

o 

6r bo : A(A ) -> Aq{{u, y -1 )) 

by 

*»b„(Pi) = 7^7 



9wi 



(74) 



b = bn 



Theorem 11.14. There exists a Aq module homomorphism 6Sb sucft i/iai the fol- 
lowing diagram commutes: 



A(A ) 



(75) 



H(X;A ) Jac^O ). 

The map is the isomorphism mentioned in Theorem II 1.61 
Theorem UTTl is [FOQ05j Theorem 7.1. 

Sketch of the proof. By definition, we have 

OO OO r. 

Here b = J27=i x i e i anc ^ Vi = eXi - Using db/dun = Pi we have 

fc=0£i=0£ 2 =0 L ( u ) 



duii 



(76) 



(77) 



The homomorphism 



oo oo oo 



(78) 
(79) 



fc=0f 1 =0£ 2 =0 

induces a homomorphism 

A ) -»■ HF((L(u), (b, &)), (L(u), (b, 6)); A ). 

This fact was proved in jFOOOlj Theorem 3.8.62 for arbitrary Lc X. 

Note that to define (l79|) by (|78|) we fix b, 6 and regard the right hand side of (|78|) 
as an element of H(L(u), A ). When we define fee, we regard b = Y^i=i x i e i> as a 
(H(L(u), Aq) valued function of 2^. So the right hand side of ((77)) is a function of 
2/i = e x *. 

In other words we need to study the 'family version' of the well-definedness of 
(1791. 
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We consider the boundary operator 

oo oo oo 

a G H(L(u), A ) H- m b ' b (a) = l**^ ^ab k ^). 

k x =0 k 2 =0 £=0 

The well-definedness of ([751) means the following Claim [Tl. 151 Let i* m , 6 ^(pj be 
the right hand side of (1751) . 

Claim 11.15. IfJ2f=o c iPt is zero in H{X;A ), then J2i=o c »*qm,(t.,6)(P<) ^ es * n 
£/ie image of m\' b . 

We can prove the same claim when we regard b as a function of Xi . By the proof 
of Theorem [53] (especially by Formula ([2"3")l ). the image of mj' 6 (where b is regarded 
as a function of Xi) is in the Jacobian ideal (the ideal generated by yidVfiQ b / dyi) ■ 

Thus the kernel of -A(A ) — > H(X; A ) is mapped to the Jacobian ideal by 6s j,. 
This implies the theorem. □ 

Before closing this subsection, we state Theorem 111.171 which is a nonlinear 
version of Theorem 111.141 

The potential function with bulk < $D b is parametrized by b G ,4(Ao). Theorem 
I11.17l savs that it depends only on the cohomology class b up to appropriate change 

o o 

of variables. A^((y,y -1 )) denotes the set of elements R of A p ((y, y -1 )) such that 
T- e R G A£((y, y- 1 )) for some e > 0. 

o 

Definition 11.16. We consider n elements y\ G A p ((y, y -1 )) (i = 1, . . . 

(1) We say that j/ = (j/J, . . . , y' n ) is a coordinate change converging on IntP 
(or a coordinate change on Int P) if 

o 

y\ = CiVi mod yiA^Hy, y' 1 )) (80) 

Ci G C \ {0}. 

(2) We say that the coordinate change is strict if Cj = 1 for all i. 

(3) We say that the coordinate change converges on P if y[ G A p ((y, y^ 1 )) 
{i = 1, . . . , n) in addition. Its strictness is defined in the same way. We also 
say that y' is a coordinate change on P. 

The set of all coordinate changes forms a group. It is regarded as a kind of group 
of self automorphisms of the filtered algebra associated to L(u). (The domain 
of convergence assumed in Definition 111.161 requires that it converges not only by 
the norm 0" but also by 0" with any u'. This is the reason we write "a kind of" 
in the above sentence.) A closely related group appears in [KS2] and [GPS] . 

Theorem 11.17. Let b,b' G -4(A ). We assume that [b] = [b'] G H(X;A ). 
Then there exists a coordinate change y' on Int P, such that 

¥Q b (yi)=¥D b '(y). (81) 
If b — b' e A(A + ), then y' can be taken to be strict. 

If both b,b' G A(A + ), then y' can be taken to be a strict coordinate change on 

P. 
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This is 1FOOQ5! Theorem 8.7. 

o 

We remark that A^((y, y -1 )) parametrizes the deformation of the potential func- 
tion. Then the Jacobian ideal corresponds to the part induced by the coordinate 
change. Thus Theorem 111.171 follows from Theorem 111.141 by some 'integration' 
(that is solving appropriate ordinary differential equation.) See |FOOQ5] section 
8. 

11.5. The homomorphism tSf, is an isomorphism. The main geometric input 
to the proof of Theorem 111.61 is the following: 

Theorem 11.18. The map fef, : (H(X;A ),U b ) ->■ Jac(q3D b ) is a ring homomor- 
phism. 

Theorem EUHl is |FOOQ5j Theorem 9.1. 

Note this theorem is a version of a result which holds in greater generality. 
Namely there exists a ring homomorphism 

QH(X; A ) -> HH(Fuk(X,u))), (82) 

where the right hand side is the Hochschild cohomology of the Fukaya category (see 
[Full IFOOQ8] for its definition.) The existence of such homomorphism was first 
suggested by |Ko] and conjectured explicitly by |Se3] etc. See (F0005 j section 31 
and the reference therein for some of the related works. 

We remark that HH(Fuk(X, lu)) parametrizes the deformation of the Lagrangian 
Floer theory on X. The Jacobian ring Jac^D 11 ) parametrizes the deformation of 
a part of the structures, that is the part described by rrig(l). So there is a natural 
ring homomorphism H H (Fuk(X , u)) — > Jac(<pD ) in the toric case. Combining 
them we obtain the ring homomorphism in Theorem II 1.181 

More precise and down-to-earth proof of Theorem QTTT8] is given as follows. 

We recall that the map ts b : (H(X;A ),U b ) -> Jac(«p£) 6 ) is induced fr om the 
map 

oo oo oo „ 

Pi^EEE / ^ 1+e2+ iMb il P l b i2 y):A^A^((y,y- 1 )). (83) 

(See ([751) .) Note b = J2 x i e i an d the right hand side is a function of Xi- It then 
turns out to be a function of yf = e Xi . Moreover by changing the variables to yi 
by the formula yi — T Ui yf , the right hand side becomes a function of yi and is an 
element of A^((y, y -1 )). 

We consider the case b = for simplicity. 

We consider the moduli space M-k+i^iP) of J-holomorphic disks with k + 1 
boundary and £ interior marked points, (See subsection 12.21 ) and take a fiber 
product 

AC + t 2 (/?)(cv+,cv 2+ ) >< (P >< P') 

where p, p' S A. We denote this fiber product by 

M^ 2 (/3;p,p'). 

Let M.i-2 be the moduli space of bordered Riemann surface of genus with two 
interior and one boundary marked points. This moduli space is a two dimensional 
disk. We consider two points [Si], [S 2 ] € .Mi ; 2 as in the figure below. 
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Figure 11.1 



We have a forgetful map 

forget : M^(0) ^ M^. (84) 

Namely we put 

foxQet([£;z ,...,Zk,zf,z£,u]) = [E; z Q ; z\ , z£]. 

It induces a map 

fot fl et:A^ 2 (/3;p,p')^M 1;2 . 
For i = 1, 2, we denote by 

MEft 2 03;p,p , ;EO 

the inverse image of {[EJ} in M5?pi° 2 (/3; p, p')- 

Let hj e iJ 1 (i(u); C) (j = 1, . . . , fc). (Note we identify the cohomology group 
with the set of T n invariant forms.) We pull back hi X • • • X hk to M'^™ 2 W', P, p'i Ej) 
by (evi, . . . , evk) and consider the integration along fiber by evo- We denote it by 

Corr(^ x ... x fr fc ;M^ 2 (/3;p,p';S;)). 

More precisely we take a T n invariant multisections so that the zero set -MS^™ 2 (/3; p, p'; Ej) s 
is transversal to zero. Then integration along the fiber is well-defined. This is be- 
cause ev on At^S" 2 (/3; p, p'; E^) 5 must become a submersion by the T" equivari- 
ance. 
We put 

Corr(hi x ■ ■ ■ x h^M^fap';^)) 
= ]T r (^)/2. Corr(/li x ... x h k ;Mt^ ]V , V '^i)) 

a 

and extend Corr(- • • ; Mf^ 2 (p, p'; £<)) to 

Jf^uJjAo)®*-* A . 
We then can prove the following two formulas: 

Corr(6 1 ^;Mj^ 2 (p,p';E 1 )) = q 1;fc (p l/V; 6 fe ). (85) 

k 
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Corr(6 1 __fe;>(^ + a i;2(P,P';S 2 ))= ]T qi ;fel (p; & fcl )qi ; fc 2 (p'; (86) 

Note the sum over /c of the right hand sides of (1551) and (|56"|) are 
6s (pU Q p') and 6s (p)6so(p') 

respectively. (Note we are studying the case b — 0.) 

We finally use cobordism argument to show that the left hand side of ([55)1 coin- 
cides with the left hand side of (1551) modulo elements in the Jacobian ideal. This 
is an outline of the proof of Theorem 111.181 See [FOOQ5] section 9 for detail. 

The outline of the rest of the proof of Theorem II 1.61 is as follows. 

We first prove the surjectivity of 1st,. For this purpose we consider the map ob- 
tained by reducing the coefficient to C = Ao/A + . Then the quantum cohomology 
of the domain becomes ordinary cohomology. We can calculate the C = Ao/A + 
reduction of the Jacobian ring using Cho-Oh's result (namely by studying the lead- 
ing order term z\ + ■ ■ ■ + z m . See Theorem l8.2l ) Then the C-reduction of £sb is an 
isomorphism by a classical result of Stanley which calculates the cohomology ring 
of toric manifold. (See for example [Fulj .) It implies that feb itself is surjective. 

We remark that the fact that C-reduction of fcst, is an isomorphism does not 
imply that tS(, is isomorphism. In fact we need to eliminate the possibility that 
Jac(<pD b ) has a component such as Ao/(T A ). Note that the (quantum) cohomology 
H (X; Ao) is a free Ao module. Therefore to prove the injectivity of 6s& and complete 
the proof of Theorem 111.61 it suffices to prove the following inequality. 

rank A (Jac(*p£) 6 ) <g) Ao A) > rank Q iJ(X; <Q>). (87) 

We remark that in many explicit examples we can prove the equality (I87|) directly 
by finding critical points of ^iO b , for example by solving leading term equation. 
However the proof of (|87[) is in general more involved, which we briefly describe 
now. We consider the case b = 0, for simplicity. 

We prove (|87| in two steps. We first use a result of McDuff-Tolman }MTj (which 
is based on Seidel's work [Selj ). to find elements z[, . . . , z' m 6 HQ(X; Ao) with the 
following properties. 

(1) z'i, . . . , z' rn satisfies quantum Stanley- Reisner relation. 

(2) There exists %(Z X , . . , , Z m ) = J2] n =1 v u Z { + ££° =1 TP*P i)h {Z x , ...,Z m ) 
such that 

%(z' 1 ,...,z / m )=0 (88) 

and p k -> oo, p k > 0, P itk € C[Z 1; Z m ]. (We recall d£j = (v jA , Vj, n ) E 
Z n .) 

(3) The relations in the above (1),(2) are all the relations among z[. Moreover 
z[ generates HQ(X; A ). 

Let us explain the above statement briefly. By putting Zi = T^y-^' 1 ■ ■ •yn'™ we 
obtain a surjective ring homomorphism 

k[Zi,...,Z m ] -> A[y 1 ,yY 1 ,...,y n ,y~ 1 }. 

The quantum Stanley-Reisner relations are the generators of the kernel of this 
homomorphism. (See [F0003 Definition 6.4.) The quantum Stanley-Reisner re- 
lation appeared in the Batyrev's work on quantum cohomology of toric manifold 
and is given explicitly by using moment polytope P. 
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We put z t = T Al y 1 i l • ■ • y%' n £ Jac(<pD°). Then ((47j) implies that it satisfies 
the formula 

m oo o p 

X) + — ±(z l ,...,z m ) = 0. (89) 

3=1 k=l X% 

(Note we put j/j = e Xi so (|89| is = t/ifjp-.) We remark that the first term of 
the left hand side of (ESI) is 



We also remark that the left hand side of (|88l) is similar to ([BTJ)) . Namely their 
leading order terms coincide. 

The element z\ is the invariant of |Sel) associated to the Hamiltonian S 1 action. 
Here S 1 is the component of T n which fixes The fact that they satisfy the 
quantum Stanley-Reisner relation is proved in [MTj using the relation between 
those S 1 actions and basic properties of Seidel invariant. The property (2) can be 
proved using the fact z[ = [Di] mod A+. 

Let (QSR) C A ((Zi, . . . , Z m }} be the ideal generated by the quantum Stanley- 
Reisner relations. Then (1), (2) above imply the existence of homomorphism 

CMW^um:^'! „, } r 0Jf(X;A °'- < 9 °» 

here Clos means a closure with respect to an appropriate topology. By reduction 
to C = Ao/A+ we can show that (f90|) is an isomorphism. (We use the fact that 
QH(X;Aq) is torsion free here.) 

Now the proof of (|57|) goes as follows. For s € A we put 

We remark has the form 

m oo 

¥l(Zl,-.., Z m ) = J2 V M Z * + H TPkP t^- ■ ■ > Z ™)- 

3=1 k=l 

We define the ring D\ s by 

m A ((z 1 ,...,z m )) 

5 Clos((QSR) U {5PJ : t = 1, . . . , m}) ' 

We have 

W.o = QH(X;A) 

since (|90[) is an isomorphism. On the other hand 

JHi ~ Jac(q3D ) ®a A. 

Thus it suffices to show that dimA 9\ s is independent of s. We regard U se ^Spec{y\ s ) 
as a family of affine schemes parametrized by s G A. If we can prove that this family 
is flat and proper then the independence of dimA £H 5 is a standard result of algebraic 
geometry. 

We prove the properness using the fact that the valuation of the solution of the 
equation = ■ ■ ■ = ^ s rn = can not escape from moment polytope. The flatness 
is a consequence of the fact that our scheme is a local complete intersection and 
also of standard facts about the regular sequence of Cohen-Macauley ring. 
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In general is an infinite series rather than a polynomial. So we first need to 
change the coordinate yi so that ^Pf becomes a polynomial. Such a process is known 
in algebraic geometry as a algebraization of singularity. See |FOOQ5] section 12. 

This is an outline of the proof of (|87|) . See |FOOQ5] especially its section 14 for 
details. □ 

Remark 11.19. We regard 

|J Spec(%D b ) (91) 

b£H(X;A ) 

as a H(X;Ao) parametrized 'family of schemes' 

The same argument to show the flatness and properness of the family U s£ \Spec(d\ s ) 
seems to be applicable to show that the family (l9lT) is also flat and proper. 

In the study of K. Saito theory of Laurent polynomials (such as one described in 
[Sabj ). the properness of the family of the critical point sets is an important issue. 
When one works over C the properness is not necessarily satisfied. When we work 
over a Novikov ring in place of C, properness of the family of the critical point 
sets (that is the geometric points of Spec(^O b )) is always satisfied at least for the 
potential function appearing as the mirror of a toric manifold. The authors believe 
that this is an important advantage of working with Novikov ring over working with 
C. 

Remark 11.20. Let us consider the family (|9l"j). For the H 2 (X; A ) part of b it 
is natural to replace the coordinate Wi by its exponential ro^ = e Wi . Then we may 
extend the domain {tVi | Vri^i) = 0} to ro^ 6 A. Note in *pD b the leading order 
term is ^ fc^z;. So if we extend VOi and allow for example fOj — T c , we have a term 
T c Zi. We may regard this insertion Wi — T c as changing the moment polytope. 
Namely appearance of the term T c Zi is equivalent to moving diP = {u | £i(u) = 0} 
to {u | £i(u) = -c]0. 

Thus for this extended family the flatness and properness still hold as far as the 
corresponding moment polytope is combinatorially equivalent to the original one. 

There is some flavor of this kind of arguments in [FOOQ5] subsection 14.2. 



12. POINCARE DUALITY AND RESIDUE PAIRING 

In this section we explain that the isomorphism in Theorem 1 1 1 . 61 can be enhanced 
to give an isomorphism between two Frobenius manifold structures. 

12.1. Big quantum cohomology and Frobenius manifold. 

Definition 12.1. A Frobenius manifold structure on a manifold M is a quintet 
((•), V, o, e, $) with the following properties. 

(1) (•) is a non-degenerate inner product on the tangent bundle TM. 

(2) V is a connection of TM. 

4 It is proved in IFOOQ51 that each of < $Q b can be transformed to a Laurent polynomial by 
change of variables. So we can define its Spec. It is not verified that the whole family can be 
regarded to be a scheme. So we put quotation mark. 

^In other words the parameter OT(fDi) corresponds to the Kahler cone of our toric manifold 
X. This is similar to the fact that the valuation of <i)i corresponds to the parameter u of the 
Lagrangian submanifold L(\i) 
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(3) V is a metric connection. Namely : 
X(Y, Z) = (VaT, Z) + (Y, V X Z). 

(4) V is flat and torsion free. Namely : 

VjfVy - VyVx - V[ X ,Y] = 0, 

V X Y - VyX- [X,Y] = 0. 

(5) o defines a ring structure on T p M which depends smoothly on p and satisfies 

(X oY,Z) = (X,Y o Z). (92) 

An associative algebra with unit which satisfies (|92|) is called a Frobenius 
algebra. 

(6) e is a section of TM such that e(p) is the unit of (T p M, o, +) for each p. 
Moreover 

Ve = 0. 

(7) $ is a function on M such that 

— o— — \ - ^ 

ctei <9xj ' 9x/c / dxidxjdxk 

Here a;, (i = 1, . . . , dim M) is a local coordinate of M such that V a (gf-) = 
0. We call $ the potential. 
In some case we have a vector field (£ on M that satisfies the following 

£<x, r) - ([e, x],y) - (x, [e, y]> = ^(x, r), 

[J,IoF]-[£,I]oy-Io [C, y] = d 2 X o Y, (94) 

[(£, e] = d 3 e, 

where ^1,^2,^3 € Q. We call € the Euler vector field. 

Remark 12.2. In various situations where a Frobenius manifold arises the tangent 
space T P M appears as either a C vector space or a A vector space. In that case the 
inner product (•) is bilinear over C or A. (In this case (•) is required to be complex 
symmetric not hermitian.) Moreover $ is a C or A valued function. 

We do not try to define what connection, funciton, coordinate etc. mean in case 
TM is a A vector space. At the present stage of development, we do not meet 
the situation where we need to seriously study it. In the main example of our 
consideration, M is a A affine space, hence we can easily make sense out of them. 

This structure first appeared in K. Saito's work [Sa] (see the next subsection). 
Dubrovin Dub discovered this structure in Gromov-Witten theory, which we recall 
below. 

Let A be a symplectic manifold. We take M = H evev (X; A ) the even degree 
cohomology group of X with A coefficient. (We may include odd degree part 
by regarding A as a supermanifold. Since in the case of our main interest (toric 
manifold) , there is no cohomology class of odd degree, we do not discuss odd degree 
part.) 

In subsection 1 1 1 . 21 we associate a deformed quantum cup product U b on H(X; A) 
for each b G H even (X;A ). We regard T b M = H(X; A) and put o = U b there. It 
is associative. 
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Remark 12.3. Note H even (X; A ) is not an open set of H even {X; A). So T b H even (X; A ) = 
H(X; A) does not make sense in a usual sense of manifold. This is regarded only 
as a convention here. 

We have Poincare duality pairing 

H d (X; A) ® A H 2n - d (X; A) ->■ A. 

The inner product (•) is the Poincare duality pairing. We remark that then the Levi- 
Civita connection, that is the connection which is a torsion free metric connection 
of the metric (•), is the standard affine connection of the vector space H even (X; Ao). 
It is obviously flat. 
([92]) follows from 

(c U b 0, e) PDx = jjGW e+3 (c, 0, e, b, . . . , b). 

(See and the fact that GWi(Qx, ■ ■ ■ ■> Qi) is independent of the permutation 

of Qi. 

The element e is the unit of the cohomology group that is the Poincare dual to 
the fundamental homology class [X] . 
The potential $ is defined by 

oo 

<f (b) = E 7i Gv ^ b < • • • ' b ) ( 95 ) 

for which the formula (|93p can be easily checked. The potential $ in (l9l)|) is called 
the Gromov- Witten potential. 

The Euler vector field (£ is defined by the vector field: 

where ci(X) = YliLi r iPi- We remark that Pj, i = 0, . . . , B are basis of H even (X; Q) 
such that deg p = 0, deg p ; = 2 for i = 1, . . . , m and deg p^ > 2 for i > m. 
By using the dimension formula 

dim c Me(a) = n + £- 3 + Ci(X) n a 

of the moduli space Mi(a) of pseudo-holomorphic sphere with £ interior marked 
points and of homology class a, we can prove (|94[) . where d\ = 2 — n, = 1, 
c?3 = 0. Thus we have: 

Theorem 12.4. (Dubrovin) ((•), V, U b , $, e) is a structure of Frobenius manifold 
on H(X;Aq). <\96} is its Euler vector field. 

12.2. A fragment of K. Saito theory. Let 

F(xi, ...,x n ;w ,wi,..., w B ) ■ U x V -> C (97) 

be a holomorphic function on U X V C C™ x C B+1 . Here [/ and are small 
neighborhoods of origin in C" and C B+1 , respectively. 
We assume F is of the form 

F(xi, . . .,x n ;w ,wi, . . .,w B ) = w + F(xi, . . .,x n ;0,wi, . . .,w B ). 
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We put 

F w (xi, . . . ,x n ) = F(xi, . . . ,x n ;w ,wi, . . . ,w B ), 

for in = (u>o, . . . , %). We assume that F (x\, . . . , x n ) has x = as an isolated 
critical point. Namely (dF 3 )(0, . . . , 0) = 0, and (dF S )(x) ^ for x £ U \ {0}. 

Definition 12.5. Wc define the Jacobian ring 3a,c(F w ) by 

JaciF™) = t ^ (98) 



Here 0(U) is the ring of holomorphic functions on U and the denominator is its 
ideal generated by nj^r, i=l,...,n. 

We define the Kodaira-Spencer map ts^s : T^V — > J&c(F w ) by 

fetf (J^-) = ^(x u ...,x n ;w) £ Jac(F^). (99) 

F is called a universal unfolding of F° if feg : TgV — > J&c(F°) is an isomorphism. 

We remark that if F is a universal unfolding of F° then by shrinking V if nec- 
essary we may assume that fe^ is an isomorphism for any w £ V. We assume it in 
the rest of this subsection. 

We remark that J&c(F w ) is a ring. On the other hand T^V do not have a ring 
structure a priori. We define 

x o y = (fe^r^fe^x^s^r)), (ioo) 

for X,Y £ TtfV. Thus (T,;?V,o,+) forms a ring. Note <9/<9w € ItfV is sent to 
[1] G Jac(F ,H ). Therefore 

is a unit. 

Theorem 12.6. (K.Saito-M.Saito) There exists a C valued metric (•) on TV, 
its Levi-Civita connection V and a holomorphic function $ : V — > C swc/i i/iaf 
((•), o, e, V, <£) is a Frobenius manifold. 

K. Saito [Saj constructed a Frobenius manifold structure assuming the existence 
of a primitive form. We do not explain the notion of primitive form here. (See 
[SaTaj for its description in a way closely related to the discussion here.) Exis- 
tence of primitive form for a universal unfolding of a germ of isolated singularity 
is established in [MSa . We remark that Theorem 112.61 had been proved before 
Gromov-Witten theory started. 

The metric (•) is called a residue paring. Since V is fiat there exists a local coordi- 
nate t.Q,ti, ...,1b of V so that \7 Q/Q ti {d/dtj) = 0. Such a coordinate (to,ti, . . . ,ts) 
is called a flat coordinate, (to = Wo.) 

For some F associated to an ADE singularity, the primitive form takes a simple 
form dxi A dx2 A dx3 . In such a case we have the following description of the residue 
pairing. 

We put 

Crit(F*) = {t> G U | dF*(l)) = 0}. 
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Let Ox) be the ring of germs of holomorphic functions at t) £ U. We put 

Jac(F*; o) = j— °" ^ (101) 

The following fact is standard: 
Proposition 12.7. We have 

J&c(F™)= Y[ Jac(F fl ;t)). 

t,eCrit(F™) 

3slc(F w ;V)) is one dimensional if and only if the critical point X) is non-degenerate. 

Let wbea vector such that F w is a Morse function. Let 1 r, £ Jac(F t0 ; 9) be the 
unit. Then Proposition 112.71 implies that {1 9 | t) £ Crit(i* n ")} forms a C basis of 
the vector space J&c(F w ). If rj ^ rj' we obtain 

(i n ,V) = (i„i,/oi) = (1,° = 0, 

from the equation l n ol„, =0 and ([52]). Namely {1 9 | t) £ Crit(F '")} is an 
orthogonal basis with respect to the residue pairing. 

Lemma 12.8. If the primitive form is dx\ A • • • A dx n and F w is a Morse function 
then we have 



= det 



Q2pw 

dxidxj 




This lemma follows from the definition. We remark that in general the primitive 
form is not necessarily equal to dx\ A • • • A dx n . 



12.3. Residue pairing on J&c(' i $D b ). We now consider the case F (xi, . . . , x n , w) — 
s $0 b (y 1 , ...,y n ) where b = J2 w iPi and ^ = Vi- 

We however remark that our situation is different from that of subsection 112.21 
in the following two points. 

(1) The tangent space Tt,(H(X; Aq)) is a A vector space and is not a C vector 
space. 

(2) The 'open set' on which *pD is defined is the set which is not a 
'small' neighborhood of a point. 

However, many parts of the story are directly translated to the case <PD b . (See 
however Remark 112.260 Note V in subsection 112.21 corresponds to H(X;Aq). 

In this subsection we describe a pairing on Jac(^3D b ) which we expect to be the 
version of residue pairing in our situation. 

Definition 12.9. Let C be a Z2 graded finitely generated free A module. A 
structure of unital Frobenius algebra of dimension n is (•,•) : C k <E) C n ~ k — > A, 
U : C k ® C e ^ C k+e , 1 G C°, such that: 

(1) (•,•) is a graded symmetric bilinear form which induces an isomorphism 
x ^ (y ^ (x, y) ) , C k -> Hom Ao (C" _fe , A). 

(2) U is an associative product on C. 1 is its unit. 

(3) (xUy,z) = (x,yUz). 
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The cohomology group of an oriented closed manifold becomes a unital Frobenius 
algebra in an obvious way. 

Definition 12.10. Let (C, (•, ■), U, 1) be a unital Frobenius algebra. We take a basis 
ej, I £ 3 of C such that eo is the unit. Let gu = (e/,ej) and let g IJ be its inverse 
matrix. We define an invariant of C by 

Z ^= E E Mr^v^V 30 

h,i2,i s e3 Ji,Ja,Jse3 (102) 
(e 7l U ej 2 , e /;3 ) (e J± U e j 2 , e. h ) 

where * = dege/j degej 2 + Tt ( n ~ 1 ) . w e ca n Z(C) the trace of unital Frobenius 
algebra C . 

It is straightforward to check that Z(C) is independent of the choice of the basis. 
This invariant is an example of 1-loop partition function and can be described by 
the following Feynman diagram. 




Figure 12.1 

Let us consier u £ IntP and b £ iJ 1 (L(u); Ao) such that the Floer cohomology 
HF((L(u), (b, &)), (L(u), (b, &)); A) is isomorphic to H(T n ; A). 

We have a binary operator b:b on it. The Poincare duality induces a A valued 
non-degenerate inner product (-)pd l{u} of it. 

We define 

xU c ' b ' b y = {-l) desx( - desy+ Vm% b ' b (x,y), (103) 

(^,y)cyc = (-l) dc ^( dc ^ +1 )(x, 2/ ) PDlw . (104) 

Then (H(L(u); A), (•, -) cyc , U c ' b ' b , PD[L(u)]) becomes a unital Frobenius algebra. 

Remark 12.11. We remark that the operation m^' b,b is slightly different from the 
operation m^' 6 which is obtained from the operation q^ by (|36l) . In fact q^fc may 
not satisfy the cyclic symmetry: 

(m;k{y;hi,...,hk),ho) C y C 

= ( _ 1)d eg' h (de S > h 1+ -+de g > h k ) My . ^ hu _ ^ ^-x), hk)cy ^ ' 1 °" ' 

This is because the way how we perturb the moduli space -M^^iP), which we 
described in sections [3] and [3 breaks cyclic symmetry. 

However we can modify the construction of qn-k to obtain q c e . k for which (|105|) is 
satisfied. Using it in place of qi-k we define b ' b , which appears in (|103[) . Then 
Definition H21] 3) is satisfied for U b ' b . 
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This point is quite technical and delicate. So we do not discuss its detail in 
this survey and refer readers to [FOOQ5] sections 18-19. However it is inevitable 
and essential, especially in the non-Fano case. It might be related to the fact that 
primitive form may be different from dx\ A • • • A dx n in general. 



We put 



Z(b, b) = Z((H(L(u); A), (•, -} cyc , U c < b < b , PD([L(u)])). 



(106) 



Definition 12.12. Assume that CpD is a Morse function. We then define a residue 
pairing 



(Jac(q3D b ) ®a A) <g> (Jac(«pD b ) <8>a A) -> A 



by 



(111: I'l' 



{(Z^b))- 1 if o = >/• 



(107) 



We remark that we use the decomposition (| 1 1 .8|) and l n is the unit of Jac(*}3D ; t)). 
u = (u\, . . . ,u n ) is defined by the valuation of rj = (tji, . . . , X) n ). Namely Ui — 
T (Oi). b e H^Lin^Ao) is defined from tj< by 6 = £" =1 fiei, Ta * eU = U»- 

The name 'residue pairing' is justified by the following Theorem 112.131 and 
Lemma 112.81 



Theorem 12.13. 



(1) Assume that X) is a nondegenerate critical point of < $D t 



Suppose b = X)"=i?i e i' T Ui e fi — rji as above. Then 



Z(b,b) = dct 



ViVj 



d 2 ^y 

dyidyj 



Here A = v T (Z(b, b)) and t) = (e Xl 
(2) If dime X = 2, then we have 



(tj) mod T A A + . 



(108) 



Z(b,&) = dct 



DiVy 



dyidyj 

(3) If X is nef and degb = 2, then we have 



-I »,i=i 



Z(b,6) = dct 



-| i,3=n 



dyidyj 



GO- 



(109) 



(110) 



- 1 »,j=l 



Remark 12.14. We use tn^ b in place of m b k to define y5D c,b by 

OO „ 

<£D C »=]T / m k b (b,...,b). 

< P£3 c ' b appears in (TlTOl) . 

Theorem EHH is Theorem 2.24 |FOOQ5j . 

Sketch of the proof. We discuss only the case X is nef and b = 0. We will prove 
that the algebra (H(L(u); A), U b ) is a Clifford algebra, modifying the proof of a 
related result by Cho [Cho2j . More precisely we prove the following Proposition 
H2~T5l 
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Let e' n be formal variables and di G A \ {0} (i = 1, . . . , n). We consider 

relations 

f e-e' + e'-ei =0, i^j 

\ J ' (HI) 

We take a free (non-commutative) A algebra generated by e' 1; . . . , e' n and divide it 
by the two-sided ideal generated by fjl 1 1 1) . We denote it by CliffA(n; d), where we 
set d = (d±, . . . , d n ). 

Let I = (ii, . . . , ifc), 1 < ii < ■ ■ ■ < ik < n. We write the set of such Ps by 
2* 1 "1. We put 

e 'i = « ' ' ' e Li< e Cliff A (n; tf). 
It is well-known and can be easily checked that {e^ | I g 21 1, — >"}} forms a basis of 
CliffA.(ra; d) as a A vector space. 

Assume moreover that there exists a A valued non-degenerate inner product (•) 
on Clifton; d) such that C]iS\(n;d) becomes a Frobenius algebra. We say that e' { 
forms a cyclic Clifford basis if 

((--[)*(!) / — T c 

te.^Hn V' (U2) 

I otherwise. 

Here I c = {1, . . . , n) \ I and *(/) = j) | * g 7, j g I c ,j < »}. 

Proposition 12.15. Suppose X is nef and deg b = 2. We aZso assume that L(u) 
and b g ff x (X( u ); A ) sate/y HF((L(u), (b, b)), (L(u), (b, 6)); A) = #(T"; A). 

TTien i/iere exists a basis (e' 1; . . . , e^) of H 1 (L(\i); A) smc/i i/iai t/ie algebra ((H(L(u); A), U c 
zs isomorphic to the Clifford algebra CliffA(n;(i) where (d\, . . . ,d n ) are the set of 
eigenvalues (counted with multiplicity) of the Hessian matrix 



Hess,j(q3£) c 



ViVj 



dyidy 3 



(»>)■ 



Moreover (e' l5 . . . , eJJ is a cyclic Clifford basis. 
Furthermore 

[ ei U ll - b • • • U M e ; = 1. 

JL{u) 

This is [FOOQ5] Theorem 22.2. Once Proposition 112.151 is established we can 
prove Theorem 1 1 2 . 1 31 by a direct calculation. (Sec [F0005 section 23.) □ 

Sketch of the proof of Proposition \12.15\ Note 



<££> b (6) = £/ m b k (b,...,b). 

fc=0 JL(u) " . ' 



(u) 

k 

Its first derivative at rj is zero since t) is a critical point. We calculate its second 
derivative d 2< $Q b / 'dxidxj = yiyjd 2f $D b jdyidyj. Then we have 

m^(e,, ei ) + m b ' b (e J -,e i ) = ^y iVj ^^j fo)J 1 (113) 

Here 1 g H°(L(u);Q) is the unit and {ej} is the basis of i? 1 (L(u);Q) which we 
fixed before. (Note b — J2 x i e i-) 
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We take basis (e' 1; . . . , e' n ) of iJ 1 (L(u); A) so that the Hessian matrix becomes the 
diagonal matrix and J L ^ e[U- ■ -UeJ, = 1. Then (|113j) implies that (e' l7 . . . , e' n ) sat- 
isfies the Clifford relation (|f f f I) . Using this fact we can prove that ((H(L(u); A), U c,b,h ) 
is a Clifford algebra. (We do not use the assumption X is nef and b is degree two, 
up to this point.) 

The proof of (|112p is as follow. We use the assumption that X is nef and b is 
degree two to show 

aU c - ll - b a'-aUa'e H k (T n ;A) (114) 

fc<dcg a+deg a' 

for a, a' G HF((L(u), (b, b)), (L(u), (b, &)); A) S H(T n ;A). Here the second term is 
the usual cup product. We use cyclic symmetry to show 

(e',, e'j) PDL ^ = (e'j U^ b e'j, l) PD = f e'j U^ b e'j. 

Using (|114|) and Clifford relation, we can see that e'j u c ' b ' b e'j has no H n (L(u);A) 
component unless I c = J. This implies Proposition [12T51 □ 



12.4. Residue pairing is Poincare duality. 

Theorem 12.16. Let X be a compact toric manifold and b € ^4(Ao). Suppose 
?fiD b is a Morse function. Then for each m, a2 € H[X\ A) we have 

(ai,a 2 )pD x = (feb0l,teb02>res- (115) 

Here the pairing in the right hand side is defined in Definition \12.12\ and the map 
{S[, is the isomorphism in Theorem \1 1.1 4\ The pairing in the left hand side is the 
Poincare duality. 

Theorem ll2.16l is [F OOQ5] Theorem 1.1 (2) and is proved in [FO OQ5] sections 
17-21. Before explaining an outline of its proof, we mention some of its conse- 
quences. 

Corollary 12.17. (1) The inner product (-) rcs , whose definition was given 
only in case < $D b is a Morse function (in Definition \12.l£\) , extends to 
arbitrary b 's. 

(2) The Levi-Civita connection V of this extended (-) rcs is flat. 

(3) (H (X; Aq), (-)res) V, o, $, 1) is a Frobenius manifold. 

(4) The Frobenius manifold structure of Item 3) above is egual to one in The- 
orem \12J\ 

Proof. 1) is an immediate consequence of Theorem 112.161 and the fact that the 
Poincare duality pairing is independent of b and is obviously extended. 

The Levi-Civita connection of the Poincare duality pairing is the canonical afhne 
connection of H(X; A ) and hence is flat. 2) follows. 

3) then follows from Theorem ll2.4l 

4) is obvious. □ 

Remark 12.18. The Frobenius manifold in Corollary |12.17l 3') has an Euler vector 
field (|96j) with n — 1. We also have 

€(q3D)=q3D, (116) 
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here tyD is a function of b = Yl w iPi an d Vi- The formula (|116j) is proved in 
[FOOQ4j Theorem 10.2. 

Remark 12.19. Corollary 1 1 2 . 1 71 first appeared as a conjecture in |Taj . where the 
case of CP 1 was checked. It was further studied in [Bar) . See the papers mentioned 
at the end of the introduction for some of the other related works. 

The above proof of the coincidense of the two Frobenius manifold structures is 
not so satisfactory since the proof of Items 1), 2) uses the isomorphism of Item 4). 
It is preferable that we construct Frobenius manifold structure on H(X;Aq) using 
the family of functions and without going to the quantum cohomology theory 
side, and then prove Item 4) for that Frobenius manifold structure. 

Problem 12.20. Develop an analogue of K. Saito theory for our family of A valued 
functions < $D b . 

Define the notion of primitive form for it and prove its existence. 
Construct the Frobenius manifold structure on H(X;Aq) using primitive form 
and prove that it is isomorphic to one obtained in Theorem \12.4\ 

Another corollary of Theorem 112.161 is the following. Let Crit(93£) ) be the 
critical point set of *pD b . For tj = (t)x, • • • , t) n ) € 2l(-P) we put 

n 

tj i = T u *e» 6 = 5^y i e i eH 1 (i(u),A ). (117) 

i=l 

Here u = (u\, . . . ,u n ) € P and & e A . Note Ui — Bx(t)i)- In this way we 
may regard Crit(^D fa ) as a set of pairs (u c , b c ), c = 1, . . . , B. Here we put B — 
#Crit(q}£) 6 ). 

Corollary 12.21. Suppose tyQ b is a Morse function. Then we have 

Proof. Let l x € H°(X; A) bc the unit. Then 1a)pd x = 0- By Proposition[TO] 
we have l x = Ylt)£Wt(x fa) ^9 wriere It) is the unit of the Jacobian ring 3ac(^iO b ] 1)). 
Corollary [TMI] now follows from pUTjl and Theorem QUEU □ 



12.5. Operator p and the Poincare dual to £s(,. In this and the next subsec- 
tions we sketch a proof of Theorem 1 12. 161 We assume ^O b is a Morse function in 
this and next subsections. Let rj € Crit(5}3:0 6 ). It defines u, b by (I117|) . We define 
a homomorphism 

*qm,(faAu) : H(X; A ) HF((L(u), (b, 6)); (L(u), (b, 6)); A ). (119) 

by 



OO OO OO 



i* 



(«=EEElW(^^^ t )- (120) 



qm,(fa,b,u) 

fc=0^i =0^2=0 



(See CH) and [FOOUlj Theorem 3.8.62.) 

Here q^. fc is a cyclically symmetric version of the operator c\t,k- (See Remark 

QZH) 
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We define 

i#,qn,,(M,u) : HF((L(u), b, b); (L(u), b, 6); A) -> H(X; A) (121) 

by 

( i q m ,(b,fc,u)(Q)^>PD, (u ) = (Q,i#,qm,(b,6,u)(i , ))pD Jt . (122) 

The main part of the proof of Theorem ll2.16l is the proof of Theorem 112.221 below. 
Let volj,( u ) € H n (X; Q) be the degree n cohomology class such that f L , u \ vo1l( u ) 
1 . Let {ej | I e 2"} be a basis of 

H n (L(u): A) - HF((L(u), (b, b)); (L(u), (b, &)); A). 

We put gjj = (ei,e,j)p£> x . Let g IJ be the inverse matrix of gij. 

Theorem 12.22. We have: 

(voli( u )))pDjc 

J2 (-l)^s"(mS' 6 ' 6 (e /) vol i(u) ),tnS' 6 ' 6 (e J ,vol L(u) ))p Dlw . 

This is |FOOQ5j Theorem 20.1. 

Theorem \TEEM => Theorem Vl2.1b\ Let Q 9 € H(X;A) be an element such that 
feb(Qt)) = It), where 1,, is the unit of the factor Jac(yS0 b ; tj) of JacCPD 1 '). Let 
6, u corresponds to t) by (|117|) . 
Then we have 

\ ift/ = t) 



*qm,(b,b,u)( ( 3 | l') 



if t)' ^ t). 



Here 1 € -ff°(£(u);A) is the unit. This is a consequence of the definition of tst,. 
Therefore 

(vo1 l(u )))pd x = 1. (123) 
We remark (Q„, Q„,) = (Q 9 U Q„<, 1) = if t) ^ t)'. Therefore 

i#,qm,(b,6,u)(vol L („)) = 1 Q„. (124) 

\vt),yi)/PD X 

Theorem 112.221 implies 

(i#,qm,(b,6,u)(voli( u )) ) t# )qm ,(6 J 6 )U )(voli( u )))pDjc = Z(b,b). (125) 

(See |FOQ05j subsection 26.2 for sign.) Theorem [LTTBl follows from (fT2"3j) and 
(fT25l) . □ 

To prove Theorem 112.221 we need a geometric description of the homomorphism 
*#,qm,(b,6,u)- We use the operator p introduced in |FOOQl] section 3.8, for this 
purpose. To simplify the notation we consider only the case b = 0. Let C be a 
filtered Aoo algebra and define an automorphism eye : BkC[l] — > BfeC[l] by 

cyc(xi ® • • • ® x k ) = (-l) deg ' K * x (£.*=i ^'^fc (g, Xl g, . . . <gj a . fe _ 1 

It induces a action on B^Cfl]. Let B^ yc C[l) be the invariant set of the action 
and B c ^ c C[l] = fc -Bf C C[1] the completed direct sum of them. We call Bfc VC C[l] 
the cyclic bar complex. 
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Theorem 12.23. For a relatively spin Lagrangian submanifold L there exists a 
sequence of operators 

p k :B c k yc H(L;A )[l}^H(X;A Q ) 

(k = 0, 1, 2, ... ) of degree n + 1 with the following properties. 

Let p : B cyc H(L; Ao)[l] — > H(X;Aq) be the operator whose restriction on 
Bl yc H(L; Aq)[1] is p k - We denote by m c k the cyclically symmetric version of mk 
and write m c instead of m k . 

(1) 

pi = i\ mod A+. 
Here i\ — H k (L;A ) — > H k+n (X;A) is the Gysin homomorphism. 

(2) 

^p( X 3' 1 ®m c ( X 3' 2 )(g)x3 ;3 ) =0 (126) 

C 

for x G B c k yc H(L; A )[l], k > 0. We use the notation (©. 

(3) 

(p 1 om c )(l) + GW 1 (L)=0. 

Here the second term is defined by (GWi(L),Q)po x = GW2(L,Q), where 
the right hand side is as in (| 6'ff [) . 

This is [FOQOl] Theorem 3.8.9. (Here we use cohomology group instead of 
appropriate chain complex. The latter is used in |FOQ01j Theorem 3.8.9. We also 
omit the statement on the unit in [FOOOlj Theorem 3.8.9.) See also |FOOQ5] 
section 17-19. 

The operator p^ is constructed as follows. We consider the moduli space A^™f m (/3) 
described in section 2.2. Note the number of interior marked point is 1 and the 
number of exterior marked points is k. We have an evaluation map 

(evx, . . . , ev fc , ev+) = (ev, ev+) : M^ n {H) -> L k x X. 

Let hi, . . . ,hk be differential forms on L. We consider the pull back ev*(h\ x • • • x 
hk), which is a differential form on M.™!f n (f3). We use integration along fiber by 
the map ev + to obtain a differential form on X, which we put pk,p(hi, ■ ■ ■ ,hk)- 
Namely 

pk,p(hi,...,h k ) =ev?(ev*(hi x ••• x h k )). 

This is a map between differential forms. By an algebraic argument it induces a 
map between tensor products of the de Rham cohomology groups of L and of X. 
Thus obtain the operator 

pfe = 2^ 1 pfe ^- 

!3eH 2 (X,L) 

We can prove f|126[) by studying the stable map compactification of A^™i' n (/3). In 
case k = the compactification of A4o-%(P) is slightly different from the case of 
k > 0. The second term of Item 3) appears by this reason. In our case of toric 
manifold and T n orbit L, this term drops since L is homologous to in X. So we 
do not discuss it here but refer to [FOOOlj subsections 3.8.3 and 7.4.1 for more 
detail. 
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Now we go back to the case where X is a toric manifold and L — L(u) is a T r 
orbit. Let b G J ff 1 (L(u); A ). For P € ff(L(u);A ) we put 



OO OO 



[Pe b ] = X! b ® " ' ® b ® p ® b ®- ' 



fci=0 fe 2 =0 



fcl &2 

Suppose ff(L(u); A) = HF((L(u), (0, 6)); (L(u), (0, 6)); A). 

Proposition 12.24. Lei P G H(i(u);A ), Q G H(X;A ). Then we have: 

»#, qm ,(0Au)(f)=p([^]). (127) 

Remark 12.25. We remark that [Pe b ] is an element of P c - vc P(L(u); A ) if 6 = 
mod A + . So p([Pe fc ]) is defined in that case. Otherwise we write b = bo + b + such 
that b E if^Ltu^C) and b+ G H 1 (L(u);A + ), and define 

P([^e b ])= E ^ n -)/ 2 -exp(& na/3) P/3 ([P e b +]). 

/3eH 2 (X,L:Z) 

We omit the discussion of this point. See F0004 section 9 and |FOOQ5] section 
19. 

Sketch of the proof. We remark that i#, qm ,(o,b,u)(-P) is defined by (|122[) . Therefore 
it suffices to prove 

oo 

£<q^(Q;& fc ),P} PDMu) = (Q,p([Pe b ]) PDx . (128) 

fc=0 

This is [FOOQ5 1 Theorem 19.8. Let us sketch its proof for the case 6 = 0. In case 
b = Oj Formula (|128|) reduced to 

(q5 )0 (Q;l),P) PDi(u) = (Q, Pl (P)) PDx . (129) 

We take p and /i which are closed forms on X and L(u), representing the cohomology 
class Q and P, respectively. Then it is easy to see that the left and the right hand 
sides of (|129|) both become 

J2 T {Pnu)/2-K j (ev + )*pAev*h. (130) 

Here (ev,ev + ) : M.\-i{P) — > £(u) x A is evaluation maps at marked points. (|129[) 
follows. □ 



Remark 12.26. In fact, we need to perturb A4i ; i(/3) appropriately so that the 
integration in (|130j) makes sense. It is a nontrivial thing to prove that after pertur- 
bation (|129|) still holds. Actually we need to consider cyclically symmetric version 
of the operator q for this purpose. (See [FOQ05j Remark 19.12.) We omit the 
discussion about perturbation and refer the reader to [F0005 section 19. 



LAGRANGIAN FLOER THEORY ON COMPACT TORIC MANIFOLDS 



o3 



12.6. Annulus argument. We continue the sketch of the proof of Theorem ll2.22l 
We assume b = in this subsection for simplicity. We consider the class voli( u ). 
(It is the Poincare dual to the point class.) Then the left hand side is 



E T«ft+« n ")/ 2 " ( P/3l ([vol i(u) e b ], P/32 ([vol i(u) e b ]) pDx . (131) 

We show that (|131[) can be regarded as an appropriate integration of the differential 
form voli( u ) x vol^( u ) on a moduli space of pseudo-holomorphic annuli, as follows. 
For simplicity we assume b = 0. 

We consider a pair ((£; z\, z%), u) with the following properties. 

(1) £ is a bordered curve of genus zero such that 9S is a disjoint union of two 
circles, which we denote by di£, cfeE. 

(2) The singularity of £ is at worst the interior double point. 

(3) Zi G for i = 1,2. 

(4) u : £ — > X is a pseudo-holomorphic map. u(9£) C £(u). 

(5) u t ([S])=^ff 2 (I,L(u);Z), 

(6) The set of maps v : S — > S which is biholomorphic, = Zi for z = 1,2, 
and u o v — u is finite. 

We denote by M.(\.\)-fi{P) the totality of such ((£; , z^), u). There exists an 
evaluation map 

cv = (e Vl ,ev 2 ) : M^xypiP) -> L(uf, 

which is defined by 

cv((S;zi,z 2 ),") = (u(zi),u(z 2 )). 

We consider the set of all (S; z\ 1 z-x) which satisfies 1), 2), 3) above and 

7) The set of all biholomorphic maps v : S — > S with v(zi) = Zi for i = 1, 2 is 
finite. 

We denote it by -M^i^o- There is a forgetful map 

forget : M {1A) . fl (f3) ^ X (M);0 , (132) 

which is obtained by forgetting the map u. 

We can show that Mniyfl is homeomorphic to a disk and so is connected. We 

take two points (E^ ; z^\ z%) € M.niy : o (j — 1,2) which we show in the figure 
below. 
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Figure 12.2 



We denote by M(i,i) ; o(j8; S^) the inverse image of {(S^; ^ , )} by the 
map (p2|) . 



Lemma 12.27. 



E 



(Pl^ 1 (i 3 ),pl,/3 2 (^))PD X = 



A4 (lil) . (/3;S(D) 



ev 1 vol L(u) A ev;vol L(u) . 



Geometric origin of this lemma is clear from Figure 12.2. To prove the lemma rig- 
orously we need to work out the way to perturb our moduli space M,n } iy t o(P'i S' 1 -*) 
so that the integration of the right hand side makes sense and the lemma holds. 
The detail is given in F0005 section 20 as the proof of Lemma 20.8. 



Lemma 12.28. 

E 



(-l)^g"( m f .°( ej> vol i(u) ), mf'°(ej, vol L(u )))p DtM 



eviVol i(u) A ev;vol L(u) . 

'A<( M , ; o(ftEP)) 

Geometric origin of this lemma is also clear from Figure 12.2 and the equality 

[{(as, as) | x G L(u)}] = ^(-l) de g^ de s e ^" ej x e, 7 

i, J (133) 
G H n (L(u) xL(u);Z), 

The detail is given in }FOOQ5] section 20 as the proof of Lemma 20.11. (The sign 
in fT33]l is proved in [FOOQ5! Lemma 26.7.) 

Now we can use the fact that Adn^-o is connected to find a cobordism between 
■M(i,i);o(/3; and -M(i.i) :0 (/3; £^). The differential form e^vol^) Aev^vol^u) 
extends to this cobordism. Therefore Lemmas 112.271 and 112.281 imply Theorem ll2.22l 
in case b = 6 = 0. The general case is similar. □ 

Remark 12.29. According to E. Getzler, the fact M-n r i)-o(l3; S^ 1 ^) is cobordant 
to Adn t iyfl(0; S^) is called the Cardy relation. 
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Remark 12.30. A similar trick using the annulus is used in |Ab2| IBClj for a 
similar but a slightly different purpose. 



13. Examples 3 

Example 13.1. We consider the case of CP" and b = 0. The moment polytope 
P is a simplex {{ui, . . . , u n ) | < Uj, Ui < 1} and the potential function is 



<$D = J2yi + T( yi -..y n )- 1 . 



i.=i 

The critical points are Xy- ' — T'»+ I e "+ 1 k = 0, . . . , n which are all non-degenerate. 
The isomorphism Jac(^pD°) <X>a A = nl-=o ■ is induced by 

n 

P^^P(n«)V,. 

fe=0 

We put ffe = 7r _1 ({(ui, . . . , u n ) € P I Ui = 0, i = n — k + 1, . . . , n}). We derive 
from Proposition 4.9 [F0004] and hence 

n 

teo(Pi) = [T-ife] = T^t ^e 1 ^ V) (134) 

fc=0 

by definition of {so- Using the fact that tso is a ring homomorphism, we have 

n 

feotp^T^^e^rr^V,. (135) 

fe=0 

Note this holds for £ — also since fo is a unit and tso is unital. 
The Hessian of *PD° is given by 



Q2 , K -\h3=n 

dxjdx 



T^TT -r^—— (e xi + ■ ■ ■ + e 1 " + e -(*i+"+*») 



Hess^^D 

with y( fc ) = exp [ 27r ^ [k y Therefore 

Hess, (fc) ^D° = T^e^rr^ [«S tf + . 



It is easy to see that the determinant of the matrix [Sij + 1]) is n+1. Therefore 
the residue pairing is given by 

1 + n 

Combining ()135[) and (|136[) . we obtain 



(!„(*,, l i)(fe , ) ) re8 =T-sTTe-^^_^_. (136) 



(feo(p,),fe (p f ))ros = — P^Ve ^r^T—e 5Ti . 137 

n+1 * — ' 

fe=o 

It follows that (fT37|) is unless £ + £' = n and 

(tS (p e ),tS (p n _ e )) ICS = 1 = (Pf,P„_ £ )pD CP „- 



Thus Theorem 112.161 holds in this case. 
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Remark 13.2. There are various works in the case of CP". See [Ta, Barl IGrol] . 

Example 13.3. We consider the Hirzebruch surface F2(a). We use the notation 
of Example 110.11 In this case the full potential function for b = is calculated in 
[A"u?2] . |FOOQ5j section 19 and |FOQ06j section 5 as follows. 

<PD° = yi + y 2 + T 2 y^ 2 + 7^(1 + T 2a )y^\ (138) 

The valuation of the critical points are 

(OT(t)i), 0r(tJ 2 )) = ((1 ~ a)/2, (1 + a)/2) = u. 

It is the same for 4 critical points. Then using the variables y i = yf we have 

^ D = T (l-a)/a^ a + (1 + T 2 a)v -l )+T{ l + a)/2 {Vi+v -l v -2y {UQ) 

(See Example 10.1.) (We remark t>r(l/j) — 0.) The critical point equation is 

- l-W 2 V2 2 - (140) 
= l-2T a yi% 3 -(1 + T 2a )y 2 - 2 . (141) 

This has 4 solution. 

The Hessian matrix of fjl39[> is 



T (l +a)/ 2 {Vi+v -l v -2 } 2T[l+a)/ 2--l--2 
2T{ l +a) /2^-2 



T (1 - Q)/2 (y 2 + (l + T 2Q )(y 2 - 1 ) 



4T(1+a)/2 _ rl __ 2 

We can easily calculate the determinants of this matrix at the four solutions of 
(HQ), (TUP - The determinants are 4T, 4T, -4T, -4T. (See |FOOQ5] section 16 for 
the detail of the calculation.) 

The Hirzebruch suface F2(a) is symplectomorphic to S 2 (l — a) x S 2 (l — a), where 
5 2 (1 — a) is the sphere S 2 with total area 1 — a. This fact is proved in |FOOQ6] 
Proposition 5.1. 

The quantum cohomology of 5 2 (1 — a)xS 2 (l — a) is generated by x, y that cor- 
respond to the fundamental class of the factors S 2 (l — a) and S 2 (l + a) respectively. 
The fundamental relations among them are 

a; 2 =T i-a 1) y 2 =T 1+a l, xy = yx. 

We put 

e± = It-^-^/ 2 ^ 1 -^/ 2 ± x), /± = I T -(i+«)/2 (T (i+-)/2 ± y) . 

Then e_/_, e_/+, e+/_, e+/+ are the units of the 4 direct product factors of 
QH{S 2 {1 - a) x S 2 (l + a); A). We have 

1 



e-f-e-f. 

J S 2 (l-a)xS 2 (l+a) 

Hence 



S 2 (l-a)xS 2 (l+a) 4T 



\e~f-, e -/-)pD s2(1 _„ )xS 2 Cl+ct) ^ • 

We obtain -1/4T, -1/4T, 1/4T from e_/+, e+/_, e + / + in the same way. Thus, 
Theorem 112. 161 holds in this case also. 
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Z(0,(y 1 ,y 2 ))=T 2 / 3 det 



= T 2/3 C _ 



Example 13.4. We take the monotone toric blow up of CP 2 at one point, whose 
moment polytope is {(1*1,^2) | > ux,U2,Ux + U2 < l,ui < 2/3}. Its unique 
monotone fiber is u = (1/3,1/3). We put y 1 = y", y 2 = y 2 - Then the potential 
function (for b = 0) is: 

<£D° = T 1 / 3 (y 1 + y 2 + (y.y,)- 1 + y^). (142) 

The condition for (2/1,1/2) to be critical gives rise to the equation: 

1 - y-% 1 -yf = 0, 1 - y x y\ = 0- (143) 

We put y 2 — z. Then y 1 — 1/z and 

z 4 + z 3 - 1 = 0. (144) 

By Theorem [T2~l"3l (3) we have 

{yiV2)~ 1 V2 + (vi^y 1 . 

Let Zi (i = 1,2,3,4) be the 4 solutions of (Trill) . Then the left hand side of ([TTg|) 
becomes: 

2 — 1 1 

We can directly check that (Tl45l) = 0. (See |FOOQ5j Example 2.35.) Thus we 
checked that Corollary |12. 211 holds in this case. 
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